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Lecture 1

Useful references:

e Neukirch’s Algebraic number theory, Chapter IV, §1 and §2.
e Neukirch, Schmidt, and Wingberg’s Cohomology of number fields, Chap-
ter I, §1.

1. PROFINITE SPACES

Let (I,<) be a directed set (i.e. an ordered set such that for any aq,...,q, €I
there exists a € I with a; < fori=1,...,n).

Definition 1.1. An inverse system of sets is a collection (X, fa,a/)a’<acr With
(I,<) a directed set, X, a set, and fy,o : Xo = Xo @ map whenever o < a. The
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inverse limit (sometimes also called the projective limit) is then defined as
@Xa ={(%a)aer € UXO[ | faor(2a) = o for o' <a} c I—IIXa
e
Furthermore,

(1) If each X, is a topological space and each f, o is continuous then we say
(Xas fa,ar)ar<aer is an inverse system of topological spaces. In this case
liilXa is equipped with the subspace topology coming from the product
topology on [], Xa.

(2) If each X, is a group and each fq o is a group homomorphism then we
say (Xa, fa.a’)a’<aer 1s an inverse system of groups. In this case LiLnXa
is a group with multiplication defined by

(%a) - (Ya) = (TaYa)
(3) Similarly, if each X, is a ring and the f, o are ring homomorphisms then
liLnXa is a ring.
Remark 1.2. Open sets in the product topology on [], X, are unions of sets of
the form [, U, where U, c X, is open and U, = X, for all but finitely many «.

This is the coarsest topology (i.e the topology with the fewest open sets) making
each of the projections p, : [1, Xo = X continuous.

Exercise 1.3. Let X be a set and let X, ¢ X be a collection of subsets indexed
by o € I. Make I into a directed set by putting o < o’ if X, ¢ X,. Then show
that (Xq, fa,ar), where fo o @ Xo = Xo is the inclusion, is an inverse system and
that

ana = Q X,

The following exercise gives another way to think about an inverse limit:

Lemma 1.4. The inverse limit Linga satisfies the following universal property:
If Y is a set equipped with maps po Y — X, for each o€ I such that

Do’ = fa,a’ © Pa
whenever o < « then there is a unique map p:Y — LiI_nXa such that ps is the
composite Y — l(iLnXa - X,.

Exercise 1.5. (1) Prove Lemma 1.4.

(2) Show that if (X, fa,a’)a’<aer is an inverse system of topological spaces
and Y is a topological space for which each p,, is continuous then p:Y —
liLnXa is continuous. Similarly, if (X, fa,a/)a’<aer is an inverse system
of groups and Y is a group with each p, a group homomorphism then
p:Y —> @X‘l is a group homomorphism.

Example 1.6. Let A be a ring and for n’ <n let f,, v : A[z]/(z™) - A[z]/(z"™")
denote the quotient map. Then (A[z]/(z"), fnn/) in an inverse system over the
directed set (Zs1,<) and there is an isomorphism of rings

lim Afz]/(2") = A[[#]]
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where A[[z]] denotes the power series ring over A in the variable x, i.e. the ring
whose elements are formal series Y., apz™ with a, € A.

Example 1.7. Let p be a prime number For n’ < n let f,, v : Z/p"Z — Z/p"' 7
denote the quotient map. Then (Z/p"Z, fn.) is an inverse system over the
directed set (Zs1,<). The inverse limit is denoted Z, and is called the p-adic
integers.

Example 1.8. If n’ divides n let f, s : Z/nZ — Z[n'Z be the quotient map. Then
(Z|nZ, frnn) is an inverse system over the directed set Zs; which is ordered by
divisibility (i.e. n’ <n is n’ divides n). The inverse limit is denoted Z.

Exercise 1.9. Prove that there is an isomorphism of rings
7 - H Ly,
p

where the product runs over all primes p. Hint: use the Chinese remainder
theorem which asserts that for n € Zy; with prime decomposition n = p*...pHm
the natural map

m

ZInZ — [ Z/p}Z

i=1
sending a + nZ ~ (a +p;"Z); is an isomorphism.
Definition 1.10. A topological space X is profinite if X is homeomorphic to
LE]XQ for X, an inverse system of finite sets equipped with the discrete topology.

Proposition 1.11. Suppose X is a Hausdorff topological space. Then X is profi-
nite if and only if X is compact and each v € X admits a basis of neighbourhoods
consisting of open and closed subsets.

Proof. If each X, is finite and discrete then each X, is compact and so [], X
is compact by Tychonoff’s theorem. Note that

fim Xo = (] Yoo
where

Yo,or = {(7a) € HXa | faor(Ta) = Tar}
(0%
Each Y, o is the preimage of diagonal X, ¢ X, x X/ under
HXa - Xo %X Xor, (xoz) = (fa,a’(xoz)yxa’)
(07

and so each Y, o is closed. Hence LiLnXa is closed and so compact also. Since
every subset of each X, is open and closed it follows from Remark 1.2 that every
element of [], X, has a basis of neighbourhoods which are open and closed. The
same is therefore true of X = liﬂlXa.

Now we prove the converse. Let I; be the set of subsets R ¢ X x X defining
an equivalence relation, i.e.

1Recall that a topological space X is Hausdorff if 1 # x2 implies the existence of disjoint
open neighbourhoors U; of z; with z1 ¢ Xs and z2 ¢ Us.
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(1) (z,y) e R=(y,x) e R

(2) (z,x)eR

(3) (z,9),(y,2) e R=(z,2) € R
Let I c I; denote the subset consisting of R € I; for which X/R is finite and
discrete for the quotient topology. Note I is an ordered set via inclusion and
the X /R, together with the projections X/R — X /R’ whenever R c R’, form an
inverse system. By (2) of Exercise 1.4 there is a continuous map

p: X —>limX /R
Rel

Explicitly it is given by x — (xr)r where zp denotes the image of z in X/R.
Applying the following lemma shows that p is surjective.

Lemma 1.12. Let p: X - LiﬂlXa be a continuous map with X compact and
each X, Hausdorff. If X — @Xa - X, s surjective for each a. Then p is
surjective.

Proof. If (z4) € liLnXa then set Y, equal to the preimage of z, under X —
LiI_nXa — X4. This is closed since X, is Hausdorff and so is compact since X
is compact. Each Y, is also non-empty by assumption. Furthermore, any finite

intersection Y, n...nY,,, is non-empty since it contains Y, for any a > a1, . .., au,.
Exercise 1.13 therefore implies NaerY, is non-empty. Surjectivity follows since
p(x) = (z4) for any x € n,Y,. O

For injectivity suppose x1 # xs. Since X is Hausdorf there is an open and
closed neightbourhood U of x1 not containing xs. Then the equivalence relation
R consisting of (z,y) with either x,y € U or x,y ¢ U is such that X /R consists of
two points with the discrete topology. Furthermore, the images of z1 and x9 in
X /R are distinct which shows p(x1) # p(z2).

We conclude that p: X — l(iLan X/R is a continuous bijection between com-
pact spaces. Any such map has a continuous inverse and so p is a homeomor-
phism. O

Exercise 1.13. Let X be a compact topological space and X, a collection of
closed subsets indexed by a (possibly infinite) index set I. Suppose ni'; X, is
non-empty for any finite collection aj,...,a, € I. Then Nger X, is non-empty.

Exercise 1.14. Suppose that f : G - H is continuous and injective map of
profinite spaces. Show that there are injections of finite discrete spaces f, : Go =
H,, such that f:G — H equals

LiLnfa:liLnGa e LiLnHa

Lecture 2

Useful references:
e Neukirch’s Algebraic number theory, Chapter IV, §1 and §2.
e Neukirch, Schmidt, and Wingberg’s Cohomology of number fields, Chap-
ter I, §1.
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2. PROFINITE GROUPS

Definition 2.1. A topological group G is a group equipped with a topology so
that the map

GxG -G, (g,h) =g 'h

is continuous. This is the same as asking that both i : G - G,g — ¢~! and
m:GxG— G, (g,h) — gh are continuous.

Lemma 2.2. (1) For g € G the maps G - G given by h » hg and h — gh
are homeomorphisms.

(2) If U c G is open then Ug is open for every g€ G.

(3) If H c G is an open subgroup then H is also closed in G.

(4) If H c G is a subgroup then p: G — G|H is an open map for the quotient
topology on G[H. Recall this means that the image p(U) is open in G|H
for any open U c G.

(5) G/H is Hausdorff if and only if H is closed, and G|H s discrete if and
only if H is open.

(6) If G is compact and H c G is closed then H is open if and only if G/H
1s finite with the discrete topology.

Proof. (1) The composite G - G x G = G is continuous when the first map is
given by h ~ (h,g). Likewise, if the first map is h + (h,¢~!). The same argument
applies for h — gh.

(2) This follows directly from (1).

(3) We can write G as the disjoint union of cosets gH for g € G. Since H is
open each gH is open by (2). Thus G\ H = Uy gH is open and so H is closed.

(4) By the definition of the quotient topology p(U) is open in G/H if and only
if p~1(p(U)) is open. We can write p~(p(U)) = UH = Upey Uh. This is open by
(2).

We leave (5) as an exercise.

(6) Using (5) we only need to show that H open implies G/H is finite. For
this we note that the cosets gH form an open cover of G so compactness ensures
this cover has a finite refinement. This shows G/H is finite. g

Exercise 2.3. Prove part (5) of Lemma 2.2.

Definition 2.4. A topological group G is a profinite group if it is profinite as a
topological space.

Proposition 2.5. A topological group G is profinite if and only if it is compact
and the unit element 1 € G admits a basis of neighbourhoods consisting of open
and closed normal subgroups.

In this case we have G = LLHG/H where H runs over the compact open normal
subgroups of G.

Proof. The only if direction follows from Lemma 1.11 and (2) from Lemma 2.2.
For the if direction: if G is profinite then G is compact and 1 € G admits a basis of
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open and closed neighbourhoods by Lemma 1.11. Let U be such a neighbourhood
and set

H' ={heU|UhcUand Uh' cU}={heU|UhcU}n{heU|Uh' cU}

It is easy to check that H is a subgroup of G. We claim it is open. Since h ~ h~!
is a homeomorphism of G it suffices to show H” ={h e U | Uh c U} is open. Note
that

Y = {(hl,hg) EUXU|h1h2 EU}
is open in G x G, since it is the intersection of U x U and the preimage of U under
the multiplication map. Therefore, if v € V and U; c U is open then there exists
an open neighbourhood V; ¢ U of v such that U;V; c U. Since U is compact we
can consider a finite open cover U = U.; U; and consider V,, := N; V; which is an
open neighbourhood in U of v. If v" € V,, then wv’ € U for all u € U and so V,, ¢ H”
which shows H” is open. To conclude we show that the normal subgroup
H=(gHg'cH
geG

it open. We have to show the union can be taken over a finite collection of ge@G.
Note that goH'gy! = g1H'gy" if and only if gH' = H'g for g = g7'go. In particular,
goH' g5t = g1 H'g7" if goH' = g1 H'. Thus

n
H=g:H'g;"
i=1
for g; chosen so that G = U}, g;H
For the last assertion let U, be a basis of open neighbourhoods of 1 € G
consisting of open normal subgroups ordered by inclusion. Then there is a map
G -~ @UQ G/U, which is surjective by Lemma 1.12. Since G is Hausdorff we

have NUq = {1} and so G — limG/U, has trivial kernel. Therefore, the map
is a continuous bijection between compact Hausdorff spaces. Any such map is a
homeomorphism. O

Exercise 2.6. If H c (G is a subgroup of a profinite group then show that the
closure of H in G is equal to the intersection of all finite index open subgroups
of G which contain H.

For any topological group G we define the profinite completion
G =1limG/N
P
N
where the limit is taken over all finite index open normal subgroups N c G. We
view G as a profinite group. There is a continuous homomorphism G — G.

(1) Equip Z with the following topology: A subset U c Z is open in the p-
adic topology if and only if for each u € U there exists n > 0 such that
u+p"Z c U. Show this makes Z into a topological group. The profinite
completion of Z with respect to this topology is Z, since the finite index
open subgroups in Z are p"Z for n > 0.
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(2) The profinite completion of Z with respect to the discrete topology is Z
since the finite index open subgroups are nZ for n > 1.

Exercise 2.7. Give an example of a topological group G with G = {1}.

Exercise 2.8. Let G = SL,,(Z) equipped with the discrete topology. Show that
the natural map G - [, SLy,(Z,;) induces a surjection

F:G~T]SL.(Z)
P

Show that f is an isomorphism if and only if every finite index subgroup of SL,(Z)
is a congruence subgroup (i.e. contains {g € SL,(Z) | ¢ = 1 modulo N} for some
N>1.)

[For n > 2 every finite index subgroup of SL, (Z) is a congruence subgroup but
this is not the case for n = 2!]

Exercise 2.9. Let GG be a profinite group. Show that the power map
GxZ-G,  (g,n)~g"

extends to a continuous map G x Z — G also written (g,n) - ¢g". Show this map
satisfies ¢g"¢g™ = ¢""™. and (¢g")™ = ¢""™.

3. INFINITE GALOIS THEORY

We now describe a source of profinite groups which will be particularly im-
portant for us. Using profinite groups we will be able to extend classical Galois
theory, which usually concerns finite field extensions, to infinite extensions. First
we recall the main theorem of classical Galois theory.

Definition 3.1. A field extension K c L is algebraic if for every x € L there
exists non-zero f(X) € K[X] such that f(z) =0. An algebraic closure K > K is
a maximal algebraic extension, i.e. if L o K% is algebraic then L = K*. Algebraic
closures exist.

Let L/K be an algebraic extension. If L/K is finite then we say L/K is Galois
if the group Aut(L/K) has order equal to the degree of L/K. In general L/K is
Galois if

L= |y K
KcK'cL
where the union runs over finite Galois subextensions. For any Galois extension
L/K we write G(L/K) = Aut(L/K).

Theorem 3.2 (Main theorem of Galois theory). Let K c L be a finite Galois
extension. Then

He L :={xeL|o(x)=x for all he H}

defines a bijection between the set of subgroups in G and the set of subextensions
K c K' ¢ L. The inverse of this bijection is given by

K'»{0ceG(L/K)|o(x) =z for allz e K'} = Aut(L/K")
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Furthermore, a subgroup H in G is normal if and only if the corresponding subez-
tension K ¢ LY is Galois. In this case restriction G(L/K) - G(K'|K) induces
an isomorphism

G(L/K)]G(L/K") = G(K'|K)
If L/K is not finite then G(L/K) will no longer be a finite group. However:

Proposition 3.3. For any Galois extension K c L there is an isomorphism of
groups
GLIK) > lim G(LJK),  om (ol
KclL'cL
in which the inverse limit is taken over all finite Galois subextensions and the
transition maps are given by restriction.

Proof. Suppose (o) €lim . G(L'|K). Since L = Ugcyrcr, L' with the union

<«—KclL'c
over finite Galois L' we define an automorphism o of L by o(z) = o1/(x) whenever

x € L'. This is well-defined since if x € L” then, by choosing a finite Galois
extension subextension K c L' ¢ L with L', L" ¢ L' we have

o1 (@) = op(a) = 1)

(because the transition maps G(L"'/K) - G(L'/K) and G(L"'|K) - G(L"|K)
are given by restriction). Hence the map in the theorem is surjective. For in-
jectivity note that o € Aut(L/K) is in the kernel if and only if o(x) = x for
every x contained in a finite Galois subextension. As L is the union of all such
subextensions it follows that o = 1. O

Lecture 3

Useful references:

e Neukirch’s Algebraic number theory, Chapter IV, §2 (for Galois theory)
e Atiyah—Macdonald, Introduction to commutative algebra, §8

4. INFINITE GALOIS THEORY CONTINUED

Via the identification from Proposition 3.3 we make G(L/K) into a profinite
group by giving each of the finite groups G(L'/K) the discrete topology.

Example 4.1. Here we see an example which shows that the bijection between
subextensions K c L' ¢ L and subgroups of G(L/K) given by H ~ LT does
not extend directly to infinite extensions L/K. Take K =, and L an algebraic
closure Fp for a prime p. Then there is a unique degree n extension Fy» of I,
in F,. This extension is Galois and there are isomorphisms Z/nZ = G(Fn[F,)
sending 1 onto the automorphism of Fy» given by x + . Thus,

G(Fp/Fp) 2limZ/nZ = Z
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with 1 € Z corresponding to the automorphism z — 2P of F,. If H c G(F,/F,)
denotes the subgroup corresponding to Z under this identification then

F, = {zcF,|a" =a} =F, =Fy ")

This shows the above map is not a bijection.

Exercise 4.2. Let L/K be a Galois extension and suppose H, H' ¢ G(L/K) are
subgroups whose closures are equal. Show that LY = L "

Theorem 4.3. Let L/K be a Galois extension. Then
HeIL"={xeL|o(x)=x foralloceH}

defines a bijection between closed subgroups of G(L/K) and subextensions K c
L' ¢ L. Under this bijection finite subextensions correspond to open subgroups
and Galois subextensions correspond to normal subgroups.

Furthermore, if K c L' c L is a Galois subextension then G(L/K) - G(L'|K)
nduces an isomorphism

G(LJK)/G(L/L)) = G(L'|K)

Proof. It K ¢ L' c L is a subextension then L' = (JL” with the union running
over finite subextensions K c¢ L"” ¢ L'. Hence G(L/L") = Np» G(L/L") which is
closed since each G(L/L") is closed.

If H c G is a subgroup then H ¢ G(L/L"). We will show this is an equality
if H is closed. For this take g € G(L/L*) and any finite Galois subextension
K c L" c L. Let H' be the image of H under the restriction map G(L/K) —
G(L"/K). Since L n L = (L")’ the main theorem of Galois theory implies
that

H' = G(L///LH n LII)
In particular, the image of g in G(L"/K) is contained in H'. Thus G(L/L")g
and H have a common intersection. As L” varies the G(L/L")g form a basis of
open neighbourhoods of g and so, as H is closed, it follows that g € H. O

5. ARTINIAN RINGS
Here all rings are commutative and contain the identity.

Definition 5.1. An R-module M is Noetherian if every non-empty set {M, c M}
contains a maximal element, i.e. an M, such that if M, > M, then M, = M,.
An R-module M is Artinian if every non-empty set of submodules contains a
minimal element.

We say R is Noetherian (respectively Artinian) if it is Noetherian (respectively
Artinian) when viewed as a module over itself.

Exercise 5.2. Show that a module M is Noetherian if and only if every sub-
module is finitely generated.

Proposition 5.3. A ring R is Artinian if and only if it is Noetherian and every
prime ideal in R is mazimal.
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For the proof we will use the a number of lemmas:

Lemma 5.4. If R is a field and M is a vector space over R then the following
are equivalent:

(1) M has finite dimension.
(2) M satisfies the ascending chain condition.
(8) M satisfies the descending chain condition.

Proof. This is clear. O

Corollary 5.5. Let R be a ring such that 0 =my...m, for (not necessarily dis-
tinct) mazimal ideals m; ¢ R. Then R is Noetherian if and only if it is Artinian.

Proof. Note that R admits a filtration by ideals
0=M,c...cMy=R,  M;=n/_m;

so it is enough to prove that each quotient M;/M;,, satisfies the ascending chain
condition if and only if it satisfies the descending chain condition. But each
M;/M;yq is an R/m*l-vector space so this follows from the previous lemma. [

Lemma 5.6. If R is Artinian then every prime is mazximal

Proof. If R is Artinian and p c R is prime then R/p is also Artinian. Therefore,
if = € R/p then the chain (z) o (22) o ... becomes stationary and so z" = 2"y
for some y € R/p and some n > 1. Since R/p is a domain it follows that xy = 1.

Therefore R/p is a field and p is a maximal ideal. O

Lemma 5.7. If R is Artinian then 0 =my ... m, for some collection of mazrimal
ideals m; c R

Proof. Since R is Artinian we can choose a minimal element J from the set
of ideals obtained as a product of maximal ideals. If m ¢ R is maximal then
mJ = J% = J by minimality. Assume J # 0. Then we can find a minimal ideal T
such that JI # 0. We have (I.J).J = IJ? = I.J # 0. Thus minimality of I implies
IJ = 1. Minimality of I also implies I = (f) for some f e I. As IJ =1 we can
write fg = f for some g € J. Hence f(g—1) =0. However, as g is contained in
every maximal ideal of R, 1 - g is not contained in any maximal ideal. Therefore
1-g¢ is a unit and so f =0 which is a contradiction. g

Proof of Proposition 5.3. = Lemma 5.6 shows every prime is maximal. Combin-
ing Lemma 5.7 and Corollary 5.5 shows R is Noetherian.

< Now suppose R is Noetherian and every prime ideal is maximal. We show
again that m;...m, = 0 for some collection of maximal ideals in R. Then R is
Artinian by Corollary 5.5. If no such product is zero then the set of ideals I c R
for which R/I is not annihilated by any finite product of maximal ideals in R
is non-empty. Since R is Noetherian there is a maximal such I. We claim this
implies I is prime. To show this suppose fg € I with f,g ¢ I and consider the
exact sequence

0> RIJLRITSRIT+(f) >0
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where J = {x € R| fr € I}. The assumption that f,g ¢ I and fg € I implies
both J and I + (f) strictly contain I. By maximality of I it follows that both
R/I + (f) and R/J are killed by a finite product of maximal ideals in R. Hence
R/I is also killed by such a finite product, which is a contradiction. We conclude
that I is prime and hence maximal. However if [ is maximal then R/I is killed
by a product of maximal ideals (namely I') which again contradicts the choice of
I. We conclude that 0 = my...m, for some maximal m; € R which finishes the
proof. O

Definition 5.8. A ring is local if it contains a unique maximal ideal.

Exercise 5.9. Let R be a Noetherian local ring with maximal ideal m. Show
that either m™*! # m” for any n > 0 or that m™ = 0 for some n > 1. In the latter
case R is Artinian.

Exercise 5.10. Show that every Artinian ring is isomorphic to a product of local
Artinian rings.

Exercise 5.11. Let k be a field and A a finitely generated k-algebra (i.e. A is
a quotient of k[X1,..., X, ]). Prove that A is Artinian if and only if A is finite
dimensional when viewed as a vector space over k.

Lecture 4

Useful references

(1) Atiyah-Macdonald, Introduction to commutative algebra, §10
(2) Eisenbud, Commutative Algebra (with a view towards algebraic geome-

try), §7
0. COMPLETION OF NOETHERIAN RINGS

Definition 6.1. Let R be a ring and M an R-module. If I c R is an ideal then
the I-adic completion of M is the module

M :=lim M/I"M
<«

n

We say that M is I-adically complete if the natural map M — @M /T M is an
isomorphism.

Example 6.2. For a prime p, Z, is the completion of Z along the ideal (p).

Example 6.3. For any ring R the completion of R[x1,...,x,] along the ideal
(z1,...,2y) is isomorphic to R[[z1,...,2,]].

Example 6.4. Any Artin local ring is complete with respect to its maximal ideal
m because m" = 0 for some n > 1.

If M is an [-adically complete R-module and a,, € I""M then we can define

o0
D an
n=0
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as the preimage in M of (0,a1,a1+az,...,a1+...+ap,...) € LiLnM/I”M. Another

way of saying this is that M is complete (in the sense that Cauchy sequences
converge) for the I-adic topology, i.e. the topology whose open sets are of the
form a+ I"M for a € M and n > 0.

Exercise 6.5. Suppose that I,J c R are ideals and that for each j > 1 there exists
i(7) > 1 such that J'M c I'G) M. Show that the I-adic and J-adic completions
of M are isomorphic

Motivation 6.6. The following example indicates the role completion plays in
a geometric context. Consider the map

m: X ={(z,9)eC*|y? =z +1} - Al
given by (z,y) = z. Let S = C[z] and R = C[xz,y]/(y? - = — 1) which we view as

functions on A' and X respectively. If f € S then we can construct 7l f := for
which is a function on X, i.e. an element of R. This produces a homomorphism

m:S->R
which sends z € S onto x € R. Since the derivative of 7! at 2 =0, y = -1 is non-
zero the inverse function theorem (if it applied) would say that the map 7 has a
local inverse. However, in algebraic geometry this is not possible because there is
no "local“ inverse of ! because one would need to map —y onto a square root of

x + 1. However, such an inverse does exist if we replace 7! by the corresponding
map between completions around the ideal (x,y + 1) because in

5 =C[[=]]
there is a square root of x + 1 coming from the binomial expansion
1/2 2
Vr+1l= Z( / )(—1)"m":—1—§+$—
o\ n 2 8
Lemma 6.7. Suppose that R is I-adically complete. Then a € R is a unit if and
only if the image of a in R/ is a unit.

Proof. Suppose that aby = 1 —x for z € I. If by = Y772 € R then abpb; =
(1-2)(1+...+2" 1) =1-2" =1 modulo I". Therefore abob; —1 € I" for every
n > 1. Since R is I-adically complete N,>1 I" =0 and so abpby = 1.

O

Corollary 6.8. If R is I-adically complete for I a maximal ideal then R is local,
i.e. I is the unique maximal ideal in R.

Proof. If x ¢ I then its image in R/I is non-zero and hence a unit. Therefore x is
a unit by the previous lemma. It follows that any ideal J # R in R is contained
in J. O

Lemma 6.9. Let f: R — S be a homomorphism of rings such that R is I-adically
complete and S is 15-adically complete. Consider the induced maps

fn:-[n/-[n+1 _>InS/In+IS
forn >0. Then
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(1) If fo is surjective then f is surjective.
(2) If fn is injective for all n then f is injective.

Proof. (1) If fy is surjective then f, is surjective for every n > 0 because if z € IS
then x = f(y)z for y € I" and z € S, and there exists 2’ € R such that f(z2')-z € IS.
Hence f(yz') —x = f(y)(f(Z') - z) e I"*1S. Now suppose z € S. By surjectivity
of fo we can find y; € R with f(y1) — x € IS. By surjectivity of f; we can find
yo € I with f(y2)+ f(y1) —x € I?S. Continuing inductively we can, for each n > 1,
find v, € I""! such that

Fn) + f(yn-1) =+ f(y1) ~x e I"S

If y =Y,51Yn then f(y) —2z =Y,50 f(yn) —x € I'"™S for every m > 1. Since S is
I-adically complete we have N;,50I™S = 0 and therefore f(y) = x.

(2) We claim that R/I™ — S/I™S is injective for each n > 1. For this consider
the diagram

0 — I"/I"™' — 5 R/I™ — 4 R/I" — 0

| l |

0 —— I"S/I"*'s —— §/I"*ls —— S/I"S —— 0

whose rows are exact. We prove the claim by induction on n. Since R/I — S/I is
fo the case n =1 is true by assumption. For the inductive step, if R/I" - S/I™S
is injective then the two outer vertical maps in the above diagram are injective.
This implies the middle vertical map is also injective (e.g. by the snake lemma).
This gives injectivity of f because if f(x) =0 then z € I" for all n >0 and hence
z=0. U

Theorem 6.10 (Hensel’s lemma). Let R be an I-adically complete ring and
suppose f(x) € R[x]. If a € R is such that

f(a)=0 modulo f'(a)’I
where f'(x) € R[x] is the derivative of f, then there exists b € R with f(b) =0

and
b=a modulo f'(a)l

If f'(a) is a non-zerodivisor then b is unique.

For the proof we need the following lemma:
Lemma 6.11. Let R be a ring and f € xR[[x]]. Then the endomorphism

: Rl[x]] = R[[=]]

given by Y1zt = Y i fis an isomorphism if and only if f'(0) is a unit.
Proof. Since ¢((z™)) c (z™) we can consider the induced homomorphisms ¢, :
(z™)/(z™*) - (2™) /(™). Then ¢ is an automorphism if and only if each ¢, is.
Since f(z) = f'(0)z modulo z? it follows that f(z)"™ = f'(0)2™ modulo 2™*!. This

shows that ¢, is given by multiplication by f’(0)", and so ¢ is an automorphism
if and only if f'(0)™ is a unit for all n, i.e. if and only if f'(0) is a unit. O
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Proof of Theorem 6.10. Set f'(a) = e. Using the Taylor expansion of f around a
allows us to write

fla+ex) = f(a) + f'(a)ex + h(z)(ex)? = f(a) + €2 H(x)
for some h(x) € R[[z]] and H(z) = = + 2?h(x). Since H'(0) = 0 the previous
lemma produces G(x) € R[[z]] with H(G(x)) = x. Substituting x = G(x) gives

fla+eG(x)) = f(a) + e

By hypothesis f(a) = e%c for ¢ € I. Thus, we can evaluate the previous identity
at = —c to obtain

fla+eG(-¢)) =0
Thus, we can take b = a + eG(-c).
For uniqueness suppose b; = a + er; for i =1,2. Then

e2(H(r) - H(rp)) =0

and so H(r1) = H(re). However, since G(H(x)) = x it then follows that r; =
G(H(’l"l))ZG(H(TQ)) =T9. O

Exercise 6.12. Use Hensel’s lemma to compute the square roots of b € Z; in
terms of the quadratic reciprocity.

Exercise 6.13. Show that the completion of a reduced ring need not be reduced
via the following example. Let R = k[x,y]/(y? - 2%(x + 1)), which is a domain.
Show that the completion of R at the maximal ideal (x,y) is not a domain.

Completion behaves particularly well for Noetherian rings. For example:

Theorem 6.14. Let R be a Noetherian ring and I ¢ R an ideal.

(1) The I-adic completion R of R is also Noetherian and I"R equals the
I-adic completion of the R-module I"™.

(2) If 0 > M - N - P - 0 is an exact sequence of finitely generated R-
modules then 0 ~ M — N — P — 0 is also ezact.

Proof. See for example Proposition 10.12, 10.15 and Theorem 10.26 from Atiyah—
Macdonald. 0

Corollary 6.15. Let R be a Noetherian ring and I = (aq,...,a,) an ideal of R.
If R denotes the I-adic completion then

R[[z1,...,zn]]/(z1—a1,..., 20 —an) 2 R

Proof. Take the (z1,...,zy)-adic completion of the exact sequence 0 — (x1,...,2,) -

R[z1,...,24] ER R -0 of R[z1,...,x,]-modules where f is given by z; — a;. By
(2) Theorem 6.14 this sequence stays exact. By (1) the I-adic completion of [ is
(r1-a1,...,xn —ayp) € R[[x1,...,2,]] which gives the isomorphism. O
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7. COMPLETE LOCAL NOETHERIAN RINGS

Recall that a ring R if local if it contains a unique maximal ideal m. The
residue field of such a ring is then R/m.

Definition 7.1. A complete discrete valuation ring is a complete Noetherian
local ring whose maximal ideal is principal and generated by a non-nilpotent
element.

Theorem 7.2 (Cohen Structure Theorem). Let R be a complete local Noetherian
ring with maximal ideal m. Then there exists an isomorphism

Ol[z1,...,2:]]/I = R

where O is either a field, or a discrete valuation ring with mazimal ideal generated
by a prime number p.

Proof, assuming the existence of coefficient rings. We begin with the following
definition: a subring O c R is a coefficient ring if
(1) the induced map O/mn A - R/m is an isomorphism.
(2) A is a local ring complete with respect to O nm, which is generated by p
where p equals the characteristic of R/m.
Note that if R/m has characteristic zero then O is a field and if p is not nilpotent

in R then O is a discrete valuation ring. The difficult part of the theorem is the
following two facts:

Fact 7.3. Every complete local ring contains a coefficient ring.

Proof. See Tags 0328,0329 and 032A from the Stacks project. g

Let us show how to prove the theorem assuming these facts. Let O c R be
a coefficient ring and suppose a1, ...,a, generate the maximal ideal of R. Then
there is a homomorphism

O[[x1,...,zp]] > R

given by xz; = a;. This homomorphism is surjective modulo the ideal (x1,...,z,)
and so is surjective itself. O
Lecture 5

Useful references
e Serre’s ”Local fields“, §4 and 5.

8. CONSTRUCTION OF COEFFICIENT RINGS

We are going to prove the existence of coefficient rings (i.e. Fact 7.3) in two
cases which are most important for us, namely when the complete local Noe-
therian ring has finite residue field or residue field of characteristic p. These
constructions will be based on the following application of Hensel’s lemma:
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Lemma 8.1. Suppose that R is a Ting complete with respect to a mazximal ideal
m and that f(X) € R[X] is such that its image f(X) € R/m[X] has a simple
root e f(X), i.e. f(@)=0 and ?I(E) 0. Then there exists a unique a € R with
f(a) =0 and @ =a modulo m.

Proof. Choose ag € R lifting a. Then f’(ap) is a unit in R because its image in
the residue field is non-zero. Applying Hensel’s lemma produces a unique a as
claimed. ]

Proposition 8.2. Suppose that R/m has characteristic zero. Then there exists
a coefficient ring (in this case a field) O c R.

Proof. Since the composite Z - R — R/m is non-zero so is Z — R. Therefore this
map extends to an embedding Q — R. y Zorn’s lemma there is then a maximal
subfield K ¢ R. We claim that K - R - R/m is an isomorphism.

We first show that K — R/m is an algebraic extension. If not there would exist
Z € R/m transcendental over K. Choose x € R lifting T and consider the map
S[X] — R given by X ~ a. This must be an injection since any polynomial in
the kernel would contradict the transcendence of T over K. Hence, the field of
rational functions S(X) embeds into R contradicting the maximality of K.

Therefore, if T € R/m then there is a minimal polynomial f ¢ K[X] with
f(Z) = 0 in R/m. Since R/m has characteristic zero the polynomial f has no
repeated roots. Therefore Lemma 8.1 shows there exists z € R with f(x) = 0.
Hence K[x] — R is a subfield in R which equals K by maximality. Thus x € K
and hence K = R/m. O

Next we consider the mixed characteristic setting in an easy case:

Proposition 8.3. Suppose that R is a complete Noetherian local ring maximal
ideal m and finite residue field. Then there exists a coefficient ring.

Proof. Let p denote the characteristic of & = R/m. Then pR c m and so R is
p-adically complete. Considering the p-adic completion of Z - R gives a map

Ly — R
Since is R/m is finite it is a separable extension of F,, and so k = F,(«a) for some
a € k which is a simple root of its minimal polynomial over F,. If f(X) e R[X]
lifts f(X) then, by Lemma 8.1, there is a unique @ € R lifting o with f(&) = 0.
Thus, there is a map
O:=Zy[X]/(f(X)) > R

given by X — &. We claim that O is a coefficient ring for R. For this note that,
if @ has degree n then there is an isomorphism of Z,-modules

Z, -0
given by (g, ...,Zn 1) = To+21 X +... 2,1 X" L. This shows that O is p-adically

complete. It also shows that O/pO is a degree n extension of F,, containing k. It
must therefore equal k. O
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In both cases we saw that separability was important. In fact

Lemma 8.4. Let k be a field of characteristic p > 0 and suppose that x — xP is
surjective. If f(X) € k[X] is an irreducible polynomial and f(z) =0 for x € k
then x is a simple root of f(X).

Proof. If x is not a simple root of f(X) then f'(x)=0. It follows that
F(X)=> f; X"

for some f; € k. Since x — zP is surjective we have
U <o
JX)=g(x)y,  g(X)=L "X’

i

which contradicts the irreducibility of f. O

Proposition 8.5. Suppose that R is an m-adically complete ring with p € m and
R/m is perfect, i.e. x +— xP is surjective. Then there exists a unique multiplicative
map

R/m >R

such that the composition R/m - R — R/m is an bijection. If pR =0 then this
map is also additive.

Proof. For any T € R/m choose T,, such that Eﬁn =7 and choose z,, € R lifting T,,.
We need the following lemma

Lemma 8.6. If a = b modulo m™ and p e m then aP = b* modulo m™**.

Proof. The binomial theorem gives a? —b* = (b—(b—a)P) -t =Y (Z)b"(b—a)p‘” €
2
m-. g

pn+ 1 pn

P = n+1 = Tn modulo m". Therefore

Since x,,, =
we can consider

z, modulo m it follows that x

n

+1 2
- 1; p — p _.p : n
x=limy, e ab = (2,25 ,...) eim R/m

Let us show that z does not depend upon the choice of lifts z,,. If z], are another

choice then since x,, = z], modulo m and the lemma gives that xﬁn =P " modulo
m"™*!. This shows that z is independent of the choice of z,, and so T + x gives a

homomorphism
R/m —> R, Trx

as claimed. To see that it is unique suppose f1,fs : R/m - R are two such
homomorphisms. Then for each x € R/m one has

f1(z7") = fo(2""") modulo m

and so, using the lemma, we have f1(x) = f1(z'/?") = fo(«'?")?" = fy(z) modulo
m"*1. This is true for all n > 1 and so fi(x) = fa(z). O

Corollary 8.7. Suppose that R is a complete local Noetherian ring with pR =0
for a prime p. Then R admits a coefficient field.
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The construction of O in the previous proposition is a special case of a more
general construction of Witt vectors:

Theorem 8.8. Let k be a perfect field of characteristic p. Then there exists a
complete discrete valuation ring W (k) with mazimal ideal generated by p and
W (k)/pW (k) = k. This ring is universal in the following sense.

Furthermore, this ring is uniquely determined in the following sense: for any
complete discrete valuation ring R with mazimal ideal generated by p and any
isomorphism f : R/(p) — k there exists a unique isomorphism fR — W (k) such
that f = f modulo p.

Lecture 6
9. CATEGORIES AND FUNCTORS

Definition 9.1. A (locally small) category C consists of the following data:

(1) a collection of objects

(2) for any two objects X and Y a set of morphisms Home(X,Y)
(3) for every object X an element 1x € Hom(X, X)

(4) for any three objects X,Y, Z a composition map

o:Home (Y, Z) x Home(X,Y) -» Home (X, Z)

such that
e these composition maps are associative, i.e. (fog)oh=fo(goh)
e folx=fand lyo f=fforany feHome(X,Y).
We write f: X - Y is f € Home(X,Y). A morphism f: X — Y is an isomorphism
if there exists an inverse g : Y — X such that go f =1x and fog=1y.

Exercise 9.2. Show that if f is an isomorphism then the inverse g is unique.

Example 9.3. The category Set is the category whose objects are sets and whose
morphisms f: X - Y are maps of sets. The morphism 1x : X — X is the identity
and the composition maps are given by the usual composition of functions.

Example 9.4. The category Group is the category whose objects are groups and
whose morphisms f : G - H are group homomorphisms. Again, the morphism
1x : X - X is the identity and the composition maps are given by the usual
composition of functions.

Similarly, we can define the categories Ring and for a ring R the category
Mod .

Example 9.5. Let X be a topological space. Then there is a category Open(X)
whose objects are open subsets U of X and whose morphisms f : U — U’ are
inclusions.

Example 9.6. Let G be a group. Then we can view G as a category with a single
object %, with Homg(*, *) = G, and with composition given by multiplication in
the group and the identity morphism given by 1€ G.
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Example 9.7. For a ring S let Alg denote the category whose objects are
S-algebras, i.e. rings R equipped wi Wlth a homomorphism S - R, and whose
morphisms are S-algebra homomorphisms, i.e. homomorphisms of rings f: R —
R’ such that

S— R

L

comimutes.

Definition 9.8. A category C’ of a category C is a subcategory if every object of
C' is an object of C and if Home/(X,Y) c Home(X,Y') for every pair of objects
X,Y in C'. A subcategory is full if

HOchI(X, Y) = HomC(X, Y)
for every pair of objects X,Y in C'.

Example 9.9. Let Modég denote the category of finitely generated R-modules.
Then Mod{zg is a full subcategory of Mod .

Example 9.10. Let Ab denote the category of abelian groups. Then Ab is a full
subcategory of Group.

Example 9.11. Let S be a ring. Then Alg s is a subcategory (but not a full
subcategory) of Modg.

Definition 9.12. Let C and D be categories. A covariant functor F': C - D is
given by attaching an object F'(X) to every object X in C and by giving maps
F :Hom¢(X,Y) - Homp(F(X),F(Y))

such that
(1) F(f)oF(g)=F(feyg).
(2) F(1x) = 1px)-

A contravariant functor is defined in the same way except that the directions of
arrows are reversed so that F' sends a morphism f: X - Y to

F(f):F(Y)—- F(X)
Thus, a contravariant functor F': C - D is given by attaching an object F(X) in
D to every object X in C and by giving maps
F :Hom¢(X,Y) - Homp(F(Y), F(X))

such that

(1) F(f)oF(g)=F(feg).

(2) F(1x) = 1p(x)-
If Fis a functor C - D and G is a functor C - £ then we write F' o G for their
composition.
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Example 9.13. The is a forgetful covariant functor Group — Set which sends a
group G onto its underlying set and which sends a group homomorphism f: G -
H onto f:G — H viewed as a map of sets.

Example 9.14. Let f : R - S be a homomorphism of rings. Then there is
a covariant functor f, : Modg — Modp which sends an S-module M onto the
R-module with underlying set M and with R-action given by

r-gm:=f(r)-sm, reRmeM

Definition 9.15. Suppose that F,G :C - D are two covariant functors. Then a
morphism « : F' - G of functors is a family of morphisms a : F(X) - G(X) in
D for every object X in C such that the following diagram commutes

Fx) 29 Py

Joco) Jon

G
ax) 29 gy
for every morphism f: X — Y. One defines a morphism between contravariant
functors similarly.
This allows us to form the category Fun, (C,D) whose objects are covariant
functors F' : C — D and whose morphisms are given by morphisms « : F' - G.

Similarly, one can define the category Fun,, ...(C,D) of contravariant functors.

Definition 9.16. Let F': C - D be a covariant functor.
(1) F is essentially surjective if for every object X in D there exists an object
Y in C and an isomorphism f: F(Y) - X in D.
(2) F is fully faithful if F': Home(X,Y) - Homp(F(X),F(Y)) is an iso-
morphism for every pair of objects X,Y €C.
(3) A functor is an equivalence if it is essentially surjective and fully faithful.

Similarly for contravariant functors.

Lemma 9.17. A functor F : C — D is an equivalence if and only if it admits a
quasi inverse, i.e. a functor G:D - C such that

Fo(G=idp, FoG=ide
in Fan(D, D) and Fun(C,C).

10. SOME CATEGORICAL CONSTRUCTIONS

Many constructions we are used to in sets, groups, rings, etc. can be formulated
for categories. However, in a general category objects need not be sets so one
cannot necessarily manipulate with elements. Instead, one makes constructions
via a universal property. We have already seen an example of this for inverse
limits:
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Recollection 10.1. The inverse limit @Xa over a directed set I satisfies the
following universal property: If Y is a set equipped with maps p, : Y — X, for
each « € I such that

Por = foz,oc’ © Pa
whenever o < « then there is a unique map p: Y — @Xa such that p, is the
composite Y — &nXa - X,.

This allows us to make sense of the notion of an inverse limit to any category.
In fact one make an even more general definition if one replaces the directed set
(recall we defined this as a partially ordered set for which any finite collection of
elements admitted a common upper bound) with just a partially ordered set. In
this case we obtain the notion of a limit:

Definition 10.2. Let I be a partially ordered set and C a category. Let (X4, fa,a7)
be an inverse system over I, i.e. a collection of objects X, in C and a collection
of morphisms fq o Xo = Xo whenever o’ <« such that fa,a=1x, and

foc’,oz” © fa,a’ = foz,oc”

whenever o’ < o’ < a. Then the limit lim X, is an object of C admitting mor-
phisms f, : @Xa — X, such that

foz,a’ Ofa = fa’

for every o' < «, and which is universal for this property in the following sense:
if Y is an object of C admitting morphisms gy, : Y - X, with

fa,a’ Yo = Yo

for all o’ < a then there exists a unique morphism y : ¥ — liLIlXa such that
yo fo =yq for every a.

We emphasise that the limit l(inga may not exist.

Exercise 10.3. Show that if liLnXa exists then it is unique up to unique iso-
morphism, i.e. if X, X9 both satisfy the universal property then there exists a
unique isomorphism X; - X9 in C.

Clearly the notion of a limit encapsulates the notion of inverse limits which
we say before. However, by allowing general partially ordered sets we also obtain
new constructions:

Exercise 10.4. Let I be a set with the discrete order, i.e. « <’ if and only if
a =a'. Then an inverse system over I is just a collection of objects indexed by
1. Show that in Set one has
1<£1Xa =[[Xa
ael
Another particular example of a limit which is very important is the notion of
a fibre product.
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Definition 10.5. Let I = {z,y, z} be the partially ordered set with x <y,z < z
and no non-trivial order relations. Then an inverse system over I in a category
C consists of three objects X,Y, Z in C and a pair of morphisms

Y Z
f
g
X
The limit of this system (if it exists) is called the fibre product and is denoted

YXXZZYXX’f’gZ

Exercise 10.6. Show that fibre product of two maps f:Y - X and g: Z - X
of sets exists in Set and is given by

Yxx Z={(y,2) eY*xZ| f(y)=9(2)}

Most of the categories we will consider have objects consisting of sets equipped
with some additional data, e.g. the structure of a group, or a ring, or a topological
space. For these categories there is a forgetful functor into Set; it forgets this extra
data. We have already seen that the formation of inverse limits often commutes
with these operations. For example if Top is the category of topological spaces
with morphisms between continuous maps then the forgetful functor

F :Top — Set

commutes with the formation of inverse limits, i.e.

F(LﬂlXa) = linF(Xa)
Similarly for inverse limits of groups or topological groups. However for a general
functor F': C — D there is only a morphism

F(linXa) _’linF(Xa)
which will not always be an isomorphism. Nevertheless, there is one useful con-
dition which ensures it is an isomorphism:

Proposition 10.7. Let F :C — D be a functor and assume that F admits a left
adjoint G:D — C, i.e. a functor for which there exist bijections
fX,Y : HOHIC(X, G(Y)) - HomD(F(X)a Y)
which are functorial in the sense that if X — X' is a morphism in C then the
diagram
Ixy

Home (X, G(Y)) — Homp(F(X),Y)

| |

fX’,Y

Home (X',G(Y)) —— Homp(F(X'),Y)
commutes, and similarly for any morphism' Y —Y'. Then
F(lim X,.) - lim F(X,,)

is an isomorphism for any limit in C.
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Example 10.8. A left adjoint G to a forgetful map F : C - Set can often be
constructed by setting G(X) equal to the object of C "freely” generated by the
set X. For example, suppose C = Alg R Then define G : Set - Alg R by setting
G(X) equal to the polynomial ring

R[Tx]xeX

and, for f: X - Y a map of sets, setting F(f) : R[Ty]zex = R[Ty]yey equal to
the R-algebra homomorphism sending T, — T'y(,). It is easy to see that G is a
left adjoint to F'.

11. YONEDA’S LEMMA
Every object X in a category C defines a covariant functor
hx :C — Set

which on objects is given by hx(Y) = Hom¢(X,Y) and on morphisms sends
fy:Y =Y’ onto

hx(fy):Home(X,Y) glves, Home(X,Y)

If fx :X - X" and fy : Y - Y’ are morphisms in C then we also obtain
commuting diagrams

hX/(Y) hx(fy) hXI(Y,)
thhOfX thhOfX
hx (V) X by (v)

(the commuting of the diagram comes down to associativity of composition). It
follows that these vertical maps define a morphism of functors

hxr — hx
In other words X ~ hx defines a contravariant functor

C - C:=Fun,,(C, Set)

Lemma 11.1 (Yoneda’s lemma). The functor hyx : C — C is essentially surjective
for every object X in C.

Proof. We have to show that the map
Homc(X, X’) d Homa(hxf, h)()
which sends f: X — X’ onto the morphism of functors hs: hxs - hx defined by

hy (V) 222 by (Y), Y an object in C

is a bijection. For injectivity, suppose f,g: X — X' are morphisms with ho f = hog
for every h € Hom¢ (Y, X) and every object Y in C. Then, taking X' =Y and
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h = 1x, it follows that f = g. For surjectivity, suppose a : hx: - hx is a
morphism of functors. Then, for any fy : Y - Y’ we have a commuting diagram

hao (V) 2 b ()
Lo Ja0r
hx(Y) SR h (V)
Now take Y = X’ so that fy : X’ > Y’ € hx(Y') and consider the image of 1x

around this diagram. This gives
a(Y)(fy) =a(Y)(Ix o fy) = a(X")(1x/) o fy
Therefore a(Y") = ho(x7)(1,,) Which proves surjectivity. O

Definition 11.2. We say that a pair (X,:) represents a covariant functor F :
C — Set if
t:F = h X

is an isomorphism of functors in C.

Lecture 7
12. REPRESENTABLE FUNCTORS

Recall from last time that if C is a category and X is an object of C then there
is a functor
hx :C — Set
given by hx(Y) = Home(X,Y).
Definition 12.1. A functor F : C — Set is representable if there exists an object
X in C and an isomorphism of functor
u:h X ; F
We say that F' is represented by (F,u).

Recall that having an isomorphism of functors u : hx = F' is the same as having,
for every object Y in C, bijections of sets

uw: (Y)Home(X,Y) - F(Y)
which are functorial in Y.
Proposition 12.2. For any functor I': C — Set there is a bijection
Hompyn (hx, F) = F(X)
given by u— u(X)(1x).

Proof. An inverse is given by x — wu, where wu, is the morphism of functors
Uy (Y) : Home (X, Y) = F(Y) given by u,(f) = F(f)(x). To check this is actually
an inverse involves the same calculations that we used to prove Yoneda’s lemma
last time. 0
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Taking F' = hy recovers Yoneda’s lemma.
Corollary 12.3. Let F : C — Set be a functor. Then the following data is
equivalent.
(1) An isomorphism of functors hx = F
(2) An object x"™V € F(X) such that the map
Home(X,Y) - F(Y)
given by f F(f)(x™VY) is a bijection for every Y.

Thus we can also say that a functor £ is represented by a pair (X, 2™V with
"™ e F(X). Yoneda’s lemma implies this pair is unique up to isomorphism.

Example 12.4. Let F' : Ring — Set be the forgetful functor F'(R) = R viewed as
a set. Then F is representable by the pair (Z[z],z) because for every ring R and
r € R there exists a unique homomorphism of rings f : Z[z] - R with f(z) =r.

Example 12.5. Let F' : Ring — Set be the functor F(R) = R* (units in R).

Then F is represented by the pair (Z[z,z7!],2) because for every ring R and
r € R* there exists a unique homomorphism f:Z[z,z7 '] - R with f(z) =r.

Example 12.6. Let f € Z[x] be a polynomial and consider the functor F' :
Ring — Set given by F(R) = {z € R| f(x) = 0}. Then F is represented by the
pair

(Z[2]/(f(x)),)
because for every r € R with f(r) = 0 there exists a unique ring homomorphism
Z[x]/(f(z)) > R with = — r.

Example 12.7. Let f(z) € Z[z]. Then the functor F' : Ring — Set given by
F(R) ={r| f(r) € R*} is representable by

1
(Z[x7 m]v x)

Exercise 12.8. Let fi,..., fn,01,...,9p € Z[x1,...,2,]. Show that the functor
F : Ring — Set with

F(R)={(z1,...,2m) e R"| fi(z1,...,2m) = 0,g;(z1,...,2m) € R for all 4,5}

is representable.

Example 12.9. Here is an example of a functor which is not representable. Let
F :Ring — Set be given by F(R) = {z € R |z =4 for some y € R}. Then F is not
representable. To see this suppose F' was represented by (X, z3) with xy = :13%
Then for every ring R with a square r there exists a unique homomorphism
f:X - Rwith r = f(x3). If R =Z[x] and r = 2% then we can compose f with
the automorphism o of Z[x] given by z — —z to obtain f’: X - R with r = f'(xz2).
Hence f’ = f. However, f(x1) = +x and so f'(z1) = ¥z which contradicts the fact
that f'= f.
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Example 12.10. Let R be a complete local ring and let C denote the category
of complete local R-algebras. Then the functor F': C — Set given by F(A) =my4y
the maximal ideal in A is represented by

(R[[x]],2)

because for every complete local R-algebra A and every m € my4 there is a unique
homomorphism f: R[[x]] = A of R-algebras such that f(z)=m.

Example 12.11. Here is a less useful example. Let Top®? be the opposite cate-
gory of topological spaces and consider the functor

Top® — Set

sending a topological space (X, Tx) onto Tx (i.e. the set of open subsets). Then
this is representable by the topological space X = {0,1} with topology given by
{@,{1},{0,1}}. Indeed, the map

Hom(Y, X) - Ty

given by f + f71({1}) has inverse sending U € Ty onto the characteristic function
of U.

Exercise 12.12. Let R be a ring such that hr(k) = Hompging (R, k) is a finite set
for every field k. Show that R is Artinian. o

The following is a toy example of the kind of functors we will be interested in.
Let G be a finite group and for n > 1 consider the functor

Rep : Ring > Set

which sends a ring R onto the set of homomorphisms G - GL,,(R), i.e. the set
of R-representations of G.

Lemma 12.13. This functor is representable by a quotient Rg of Z[x1,...,xN]
for some N > 0.

Proof. Write G = {g1,...,94} and set Sg = Z[Xlij] for 1<l<dand1<i,j<n?
Define a map

5:G - GL,(Sg)

by g; — (Xlij )ij- Set I ¢ Sg equal the ideal whose elements are generated by
the entries of 5(g)p(g")p(gg’)~* for every ¢,¢' € G and Rg = Sg/I. Then the
composite

P G 2 GLL(S6) — GLa(Re)

is a homomorphism. The pair (Rg, p"™) represents Repg because any homomor-
phism p : G » GL, (R) produces a homomorphism S — R given by X, = p(g1)i;
and since p is a homomorphism [ is contained in the kernel of this homomorphism
we obtain an induced homomorphism Rg — R. 0
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Next we take a field k and p : G - GL,,(k). Let C denote the category of
complete local rings with residue field & whose morphisms are maps R — S for
which

R—— S

k
commute. Then we can consider the functor of deformations
D, :Ring /R - Set

which sends A onto the set of p" € Repg(A) for which the composite

G 2 GLL(A) - QL (A/ma)
equals p.

Proposition 12.14. Let z, : Rg — k be the homomorphism corresponding to
p and let m, be the kernel. Assume x, is surjective. Then the functor DS 18
representable by
RG = liLnRg/mZ

Proof. Let A be a complete local ring with residue field k. For any f: Rg — A
write py : G - GL,(A) for the corresponding representation. Then

preDJ(A) & Rg - A — A/my equals z, < m4 > mA
Therefore, if py € DJ(A) then m-adically completing Rg — A gives Rg - A=

A. Conversely, for any morphism Rg — A in C the composite R - Rg - A
corresponds to an element of Dg. Therefore

DS = Homc(ﬁg, A)

which proves the claim. O

Lecture 8
13. FRAMED DEFORMATIONS OF A PROFINITE GROUP

Let G be a profinite group and & a finite field of characteristic p and recall the
ring of Witt vectors W (k), i.e. the unique complete discrete valuation ring with
residue field & and maximal ideal generated by p.

Definition 13.1. Let C denote the category of complete Noetherian local W (k)
with residue field £ whose morphisms are ring homomorphisms R — S such that

R\T)/S

commutes. For any A € C we write my4 for the maximal ideal in A.
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Definition 13.2. For any object A in C a framed A-representation of G is a
continuous homomorphism

p:G - GL,(A)
Here we equip Matyx,(A) @ A™"™ with the my4-adic topology and GL,(A) with
the subspace topology.

Lemma 13.3. Let p: G - GL,(A) be a homomorphism with A € C. Then the
following are equivalent:

(1) p is continuous
(2) For every n > 1 the composite py, : G % GL,(A) - GL,(A/m"}) factors
through a finite quotient of G.

Proof. If p is continuous then so is p,, and hence the preimage of 1 € GL,,(A/m’})
is open in G and therefore has finite index. For the converse, condition (ii) implies
that each p,, is continuous. Since
GLy (A) = lim GL, (A/m)
m

the universal property of the inverse limit produces a continuous homomorphism
lim pyy, : G - GLy(A) which coincides with p modulo m’} for every m > 0. It

follows these homomorphisms are equal.
O

Definition 13.4. Let p : G - GL,(k) be a framed representation of G. For
every A €C set

D2(A) = {framed representations p: G - GLy(A) | G % GLa(A) - GL,(F) =5}
Then A — D% defines a functor D%' :C — Set.
Theorem 13.5. Assume that every open subgroup Go c G satisfies the following
p-finiteness condition:

e There are only finitely many continuous homomorphisms Go — IF).
Then D% :C — Set is representable by a quotient of W (k)[[X1,..., Xn]] for some
N >0.

Before giving the proof we need to discuss the relevance of the p-finiteness
condition.

Definition 13.6. A finite group is a p-group if its cardinality is a power of p. A
profinite group is pro-p if every finite quotient is a p-group.

Definition 13.7. The pro-p-completion G®) of a profinite group G is defined
as liLnU G/U where U runs over all open normal subgroups for which G/U is a
p-group. The natural map G - G is surjective and every continuous homo-

morphism G — H with H a pro-p-group factors through G,

Lemma 13.8. The following are equivalent:

(1) The are only a finite number of continuous homomorphisms G — F,,.
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(2) G®) s topologically finitely generated, i.e. there exists i, ... ,Yn € G®)
which generate a dense subgroup of G.

Proof. We can assume that G = G®) and so G is pro-p. For any profinite group
let ®(G) denote the intersection of all maximal proper open subgroups in G. The
quotient of a p-group by a maximal proper subgroup must be isomorphic to I,
and so the same is true for any pro-p group. Hence G/®(G) is an inverse limit of
abelian groups isomorphic to F,. This shows that G/®(G) is an Fp-vector space.
Condition (1) is therefore equivalent to asking that G/®(G) is finite.

If v1,...,7v, topologically generate G then their images generate G/®(G) and
so G/®(G) must be finite. For the converse, choose 71, ...,7v, in G whose images
generate G/®(G). Set H equal to the closure of the subgroup generated by
Y1,y If H # G then we can find a maximal open proper subgroup H c
H' ¢ G. But also ®(G) ¢ H', which contradicts the fact that the closure of the
subgroup generated by H and ®(G) is G. O

Proposition 13.9. Suppose that G satisfies the p-finiteness condition. Then
there exists a closed subgroup H c G such that G[H is topologically generated
and every p: G — GLy,(A) factors through G/H.

Proof. Set Gy =kerp. If pe Dg(A) then plg, : Go > GLy(A) factors through K;
where K; for i > 1 are defined by

K; = ker (GL,(A) - GL,(A/m’))

Note that the K; for ¢ > 1 form a basis of open neighbourhoods of K; and that
X — 1 - X defines a bijection

Ki/KHI = Matan(mQ/mgl

This shows that K is a pro-p-group and so p'|¢, : Go = GL,(A) factors through
G(()p). Let Hy = ker(Go — G(()p)) and set

H= (N gHog™"
gEG/Go

Note that since Hy is normal in G the subgroup gHog™' only depends upon the
class of g in G/G), so this intersection makes sense. We also see that H is normal
in G because if ¢’ € G then

gHg'= ) ¢'gHog'g"'= () ¢"Hog"'=H
QEG/GO g"EG/GO

Lastly, since G/Gy is finite the intersection is finite and so H is closed in G
and open in Hy. From the exact sequence 1 - Hy/H — Go/H — Go/Hy - 0
and the fact that Go/Hy is topologically finitely generated we see that Go/H
is topologically finitely generated. The upshot is that every p € Dg(A) factors
through G/H for H an open normal subgroup with G/H topologically finitely
generated, as required. O
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Lecture 9
14. REPRESENTING FRAMED DEFORMATIONS

We continue the discussion from the previous lecture. Recall we fixed k a finite
field and denoted C the category of complete local Noetherian rings with residue
field k. Morphisms are homomorphisms inducing the identity on k. We also write
C° for the full subcategory of C whose objects are Artinian. Recall, every object
of C is a W (k)-algebra. For any profinite group G and p: G - GL, (k) we have
the functor

D7 :C — Set
sending a ring A onto the set of homomorphisms p : G - GL,,(A) whose composite

G - GL,(A) — GL, (k) equals p. We saw before that D% is representable when
G is a finite group.

Lemma 14.1. Suppose G is finite and generated by g1,...,gm, and (R/E),pu“iv)

represents Dg. Then R% is generated over W (k) by the entries of p™™V(g;) for
l=1,...,m.

Proof. Let S be the subring of Rg generated by the entries of the p"™V(g;). Then
PV G GLy (R7) factors through GL,(S). By the universality of (17, pUV)
there must be a unique homomorphism s : R% - S giving p"™V : G — GL,(9).
Moreover, the composite
S, : Rp i S — Rﬁ
must be the identity since s’ o p = p. Therefore s(r) = r for every r € R5 and so
S =R5. O
Recall C° c C is the full subcategory whose objects are Artinian.

Definition 14.2. Consider a pair (R,p) with R a local W (k)-algebra with
residue field k£ and p : G - GL,,(R) a continuous homomorphism whose com-
posite G - GL,(R) - GL, (k) equals p. Then we say (R, p) pro-represents D%]
if the map

Hom(R, A) - D2
given by f— G 4 GL,(R) - GL,(A) is a bijection for every A e C°.

Lemma 14.3. Suppose that R € C and (R, p) pro-represents D%. Then (R, p)
represents D%.

Proof. Obviously if (R,p) is a representing pair then they also pro-represent.
For the converse, suppose A € C and py € D;(A). Set pa; : G - GL,(A4) -
GL,,(A/m’;). Then for each i there exists a unique homomorphism f; : R - A/m’,
so that pa; equals the composite

G % GLy(R) - GLy(A/m’y)



DEFORMATION THEORY OF GALOIS REPRESENTATIONS NOTES 33

In particular we see that R ER A/mf4 - A/mfgl equals fijy1. Since A is my-

adically complete we have A = LiLnA/mfél and so the f; produce a homomorphism
R — A with the property that the composite

G5 GL,(R) - GL,(A)

is = pa modulo mf4 for every ¢ > 0. In other words, this composite equals pg
whose proves that (R, p) represents Dg. O

Proposition 14.4. Let G be a profinite group. Then Dg is pro-representable by
a pair (R, p).

Proof. Write G = @U G/U for open normal subgroups U c¢ G with U c kerp.
This means that p: G - GL, (k) factors through

For each U let (Ry,py) be the pair representing D%U. Note that if U c U’ then
we can view pyr @ G/U" - GL,(Ry) as a representation py : G/U - GJU' —
GL,(Ry). Therefore, we obtain homomorphisms

Ry — Ry
such that py- is obtained as the composite
GIU' > GJU 2% GL, (Ry) » GLn(Ryv)
This allows us to define a homomorphism

p:G~ @GLn(RU) = GLn(@RU)
U

Set R = liLnU Ry. We claim (R, p) pro-represents D%. To see this take A e C°
and suppose pa € D5 (A). Since A is Artinian the group GL,(A) is finite and so

pa factors through G/U for some open normal U c G. Therefore, we obtain a
homomorphism Ry — A such that

G ™ GLy(Ry) » GLy(A)
equals p4. Hence p4 is the image of R — Ry — A under the map
Hom(R, A) - D5 (A)

This shows surjectivity. For injectivity suppose fi,fs : R — A are such that

zi: G5 GL,(4) N GL,,(A) are equal. We can choose an open normal U c G
such that x1,z9 both factor through G/U. Therefore both fi, fo factor through
R - Ry and since Ry represents DgU it follows that fi = fo. Il

Proposition 14.5. Suppose that G is topologically finitely generated. Then D%]
is representable by a quotient of a power series ring over W (k).
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Proof. Let (R, p) be the pro-representing pair from the previous proposition. We
claim that if g1, ..., gm topologically generate then R is generated over W (k) by
the entries of p"V(g;). Let S c R be the subring they generate. Note that S is a
quotient of a power series ring over W (k). Therefore (the additive group of) S is
profinite and so, since each Ry is complete and hence Hausdorff for the my-adic
topology, to show that S = R it suffices to show S - R - Ry is surjective for
every U (see Lemma 1.12). But g,..., g, topologically generate G if and only if
their images generate G/U for every open normal subgroup U c G. The claimed
surjectivity therefore follows from Lemma 14.1. O

This finishes the proof of Theorem 13.5 from the previous lecture.

15. TANGENT SPACES

Definition 15.1. Let F : C° — Set be a functor. The tangent space of F is
defined as

F(k[e])
where k[e] = k[e]/(€?).

Proposition 15.2. There are following sets are in bijection:
(1) D5 (k[e])
(2) The set Z'(G,End(p)) of 1-cocycles, i.e. functions f : G — Matyx, (k)

such that f(gh) =p(g)f(h) + f(g)p(h) for all g,h €G.
(3) The set of homomorphisms p: G — GLa, (k) of the form

p(g) = (ﬁ(og) 1;((5)) )

for some F(g) € Mat, (k).
(4) Homk(mR/m%% + pR,k) for mp the mazximal ideal in a pro-representing
pair (R, p) of Dg.

Furthermore, the natural k-vector space structures on the sets in (2) and (4)
coincide under these bijections.

Proof. Note that a map G - GLa, (k) given by

. (ﬁ(g) F(g))
g 0 »(9)

is a homomorphism if and only if
(ﬁ(g) F(g)) (ﬁ(h) F(h)) _ (ﬁ(gh) p(g)F(h) + F(h)ﬁ(g)) _ (ﬁ(gh) F(gh)
0 )\ 0  p(h) 0 p(gh) 0 p(gh)

i.e. if and only if F'(gh) =p(g)F(h)+ F(h)p(g). Therefore the bijection between
the sets in (2) and (3) is given by f € Z'(G,p) onto the homomorphism

-9 12)

)
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For the bijection between the sets in (1) and (2) notice that there every element
of GL,,(k[€]) can be written as

g+eF
with g € GLy (k) and F' € Matyx, (k). Therefore, if p € DZ(F[e]) we can write

p(g) =p(g) + eF,(g) for some function Fj, : G - Mat,x, (k). The fact that p is a
homomorphism is equivalent to

(p(g) +€F,(9))(p(h) + eFp(h)) = p(gh) + €F,(gh)
i.e. that F,(g)p(h)+p(g)F,(h) = F,(gh). Hence p — F), gives a bijection between
D7 (k[e]) and Z4G,p).
Finally, we give a bijection between D7 (k[e]) and mp/ (m%+pR). By definition
of pro-representability we have

DZ(k[e]) = Hom(R, k[€])

where the homomorphism on the right are those inducing the identity on residue
fields. Any such homomorphism f must send mp onto the maximal ideal (€) of
k(€] and p onto zero, and so induces a map mp/(m% +pR) - (€) = k of k-vector
spaces. Conversely, given a map f:mpg/ (m%2 +pR) = k of k-vector spaces we can
define a homomorphism R — k[e] by r = T+ ef(r — [T]) where [-] denotes the
Teichmuller lifting k& - W (k). O

Exercise 15.3. Check that the natural k-vector space structures on Z'(G,p)
and Hom(mp/(m% + pR), k) coincide whenever (R, p) pro-represents Dﬁ‘].

Proposition 15.4. If G satisfies the p-finiteness condition, i.e. if Hom(Go,F,)
1s finite for every open subgroup Gog c G then

D7 (k[e])
is finite.

Proof. We show that Z'(G,p) is finite. Take G = kerrho. Then the restriction
of any f e Z'(G,p) to Gy is a homomorphism

Go g Matan(/{?)

If this restriction is the zero function then F' induces a well defined function
GGy — Mat,xy, (k) which we can view as an element of Z'(G/Gy,p). Therefore,
we can an exact sequence

0 - Z1(G/Go, Matyun(k)) - ZH (G, Matyxn(k)) -~ Hom(Go, Mat,xn (k))

The left hand term is finite since G/Gy and Mat,x, (k) are both finite. The p-
finiteness hypothesis implies the right most term is also finite. Hence Z(G,p) is
finite as claimed.

For another proof note that if G satisfies the p-finiteness condition then D%’ is
pro-represented by a Noetherian local ring R and hence m R/m% is finite dimen-
sional. 0
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Lecture 10

Useful references

e Gouvea’s " Galois deformation theory“ notes, Lecture 3

16. UNFRAMED DEFORMATIONS

Maintain the notation from the previous lecture. Thus

e (G is a profinite group and j is field

e C is the category of complete local Noetherian rings with residue field &
and morphisms are ring homomorphisms compatible with the map into &k

e C is the full subcategory of C of Artinian rings

Definition 16.1. Let p: G - GL, (k) be a continuous homomorphism. Then,
for A € C, define
Dp(A) = D5 (A)/ ~

where ~ denotes the following equivalence relation on D5(A)™: we have pi ~ pa
if and only if there exists

h e ker (GL,(A) - GL,(k))
such that py(g) = ho pa(g) o h™! for all g€ G.
Lemma 16.2. D5;:C — Set is a functor.

Proof. Suppose p1,p2 € D5(A) represent the same element of D;(A) so that

p1(g) = hpa(g)h™! for all g € G. If f: A - B is a morphism in C then also
write f : GL,(A) - GL,(B) for the induced map. Then f(p;) = f o p; and so

f(p1)(g) = F(R)f(p2)f(h)™L. Thus f(p1) and f(p2) represent the same element

If R is a local ring with residue field k£ and p : G - GL,,(R) is a continuous
homomorphism then we say (R, p) pro-represent D if the map

Hom(R, A) - D5(A)

which sends f : R - A onto the equivalence class of the composite G £ GL,(R) —»
GL,(A) is a bijection for every A e C'. Note that if (R, p) pro-represent Dg then

this pair does not represent D5 because the map D%(A) — D5(A) is never a
bijection.

Lemma 16.3. If (R, p) pro-represent D5 and R € C then Dj is represented by
(R,[p]) where [p] denotes the equivalence class of p in Ds(R).

Proof. The key is to prove that D5 is continuous, i.e. that

Dj(4) =lim Dy(Afmiy)

)
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for any A € C. There is a natural map D5(A) - lim_ D5(A/mY). For surjectivity,
an element of lim, D5(A/m’y) corresponds to a collection of p; € D%(A/mi‘) and
F; € 1+ Matyx,(m4) such that

F{l piF; = p;-1 modulo mf{l

Set F* = [1,5; Fj € 1+Mat(my4) (note this infinite product converges by complete-
ness of A). Then

F’LPZ(FZ)—l = (Fi)Fipi—lFi_l(Fi+l)_1 — Fi—lpi_l(Fi—l)—l mOdulO mll:l
so pi = Fip;(F')™ is a compatible sequence liLnDE(A/miA) which gives p € D%
whose equivalence class in D5 maps onto our systems of classes in lu_nZ Dﬁ(A/m’A).

For injectivity, suppose p1, p2 € D%(A) define the same equivalence class mod-
ulo mf4 for every . Then there exist F; € 1+ Matnxn(mil) such that FiplFl.‘l = po
modulo m% for all . If F' = [];51 F; € 1 + Matyx,(ma) then Fp F7' = py so
[p1] = [p2] in D5(A). O
Definition 16.4. For p € DZ(A) set

Ca(p) == {P € Matnxn(A) | Pp(g) = p(g)P for all g G}
The set C'4(p) controls how well behaved Dy is.
Theorem 16.5 (Mazur, Ramakrishna). If Cy(p) = k then D5 is pro-representable.

If G satisfies the p-finiteness condition then Dy is representable.

17. SCHLESSINGER’S CRITERION

Recall that if Ay £> A <f—2 Ay are morphisms in C then we can form the fibre
product

Ay xq Ao ={(r1,m2) € Ri x Ry | f(x1) = f(x2)}
Lemma 17.1. For A €C we have
Hom(R, A1 x4 A2) = Hom(R, A1) Xpom(r,4) Hom(R, A2)
Proof. This is an easy exercise. O

This implies that if D5 is representable then
Dﬁ(Al XA Ag) = Dﬁ(Al) XDE(A) Dﬁ(AQ)

for every diagram A; N A L Ag in C. In fact this is essentially the only
necessary condition

Theorem 17.2 (Grothendieck). Let F': C° — Set be a functor with F(k) = {x}.
Then F' is pro-representable if and only if the natural map
(17.3) F(Ay xa A2) » F(A1) xpea) F(A2)

is a bijection for every diagram A; — A < Ag in CV. If F(k[€]) is finite then F
is representable (i.e the pro-representing object is Noetherian).
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Unfortunately, this result is not so useful in general because it is hard to check
the fibre product condition for all objects in CV. Schlessinger’s criterion however
reduces checking the condition that F(A; x4 Ag) — F (A1) xpeay F(A2) is an
isomorphism to more simple collection of fibre products.

Definition 17.4. A morphism A — B in C° is small if it is surjective and if its
kernel is killed by m4 and one dimensional over A/my4 = k.

Theorem 17.5 (Schlessinger’s Criterion). Let F : C° — Set be a functor with
F(k) ={*}. Then F is representable if and only if the following conditions are
satisfied

(H1) If Ay — A is small then (17.3) is surjective.
(H2) If A=k and Az = k[e] then (17.3) is bijective.
(H3) F(k[e]) is finite.
(H4) If A1 = Az and the maps A; - A are equal and small then (17.3) is
bijective.
Exercise 17.6. Use Schlesssinger’s criterion to give another proof of the repre-
sentability of D%.

Lets discuss how to use this to this result to prove that D5 is representable
when Cy(p) = k. Let f;: A; > A be morphisms in C° and define
Ag = Ay x4 Ao
Since D7 is representable we know D7 satisfies each of (H1),...,(H4).
Exercise 17.7. Suppose that fy: Ay - A is surjective. Then
1+ Matpxn(ma,) > 1+ Mat,xpn(ma)

is surjective.

Lemma 17.8. The map (17.3) is surjective whenever Ay — A is surjective. In
particular, D5 satisfies (H1)
Proof. By the previous exercise this implies

1+ Matnxn(mAQ) = 1+ Mat,xpn(ma)

is surjective. Now suppose [p;] € D5(A;) for i = 1,2 are equivalence classes which
become equal in D5(A). Then there exists F' € 1+ Mat(my4) such that

fropi=F(faopa)F!
By the above surjectivitiy we can choose F € 1 + Matyn(m A,) mapping onto

F. This means the representations p; and ﬁpgﬁ‘l become equal when mapped
into GL,,(A). Hence (p1, Fp2F ') comes from an element D7 (As3) and so also

([p1]; [p2])- 0

We also need to consider when (17.3) is injective. For take p; € D%‘(AZ-) and
set
Gi(pi) = {F €1+ Mat,n(ma,) | Fpi(9)F " = pi(g) for all g e G}
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and similarly define G(p) for p « Dg(A). Note this is contained in G;(p;) is
contained in C4,(p;)-

Lemma 17.9. Suppose that the induced map
Ga(p2) > G(f20p2)
is surjective for every ps € D%(Ag). Then (17.3) is injective.
Proof. 1f (17.3) is not injective then there exist p, p’ € D%(Ag) with images p;, p €
D%(Ai) and Fj; € 1+ Matyx,(my,) with
pPi = Fz‘P;F[1
for i = 1,2. Considering the image in GL,(A) we get

Fi(fiop)Fy = Fa(f20p)Fy
where F; is the image of F; in Mat,.,(A4). Since fi o p; = fo o py it follows
that Flf; € G(f20p). By assumption we can lift this to an element H e
1+ Matyxpn(ma,). Then we can consider
Hy = HF; € 1+ Matyxn(ma,), Hy = Fy €1+ Matyn(ma,)

Both these matrices have image F; in 1 + Mat,x,(m4) and so comes from a
matrix H3 € 1+ Matyyx,(ma,). We have

p=Hsp'Hy'
since this is true after applying f1 and fo. Therefore [p] = [p']. O
Corollary 17.10. D5 satisfies (H2)

Proof. We just have to show that if Ay = k[e] and A = k then Ga(p2) - G(p) is
surjective. But G(p) is a single point so this is clear. O

Lemma 17.11. If G satisfies the p-finiteness hypothesis then Dz(k[e€]) is finite.

Proof. Last time we saw that if G satisfies the p-finiteness hypothesis then D7 (k[e])
is finite. Since Dz(k[e]) is surjected on by D7 (k[e]) the same is true for D5(k[e]).
g

The last thing to check is (H4). This is where the assumption that Cx(p) = k
comes in.

Lemma 17.12. If Cx(p) = k then (H/) is satisfied.

Proof. We are going to show that C4(p) consists of scalar matrices. For this we
induct on the smallest integer such that m’} = 0. If n = 0, i.e. if A =k, then
this is our hypothesis. In general we consider the surjection A - B = A/m’}(l.
Note the kernel of this surjection killed by m4 and is one dimensional over k. In
particular, it is generated by an element say t.

Now suppose ¢ € C4(p). By induction Cp(p) consists of scalar matrices so we
can write ¢ = b+ tM for b a scalar matrix in A and M € Mat,«, (k). We have

(b+tM)p(g) = p(g)(b+tM),  geG



40 DEFORMATION THEORY OF GALOIS REPRESENTATIONS NOTES

Since b is scalar this implies M p(g) = p(g)M and so M € Cy(p) = k. We conclude
that c is scalar which finishes the induction.

As a consequence we deduce that G;(p2) also consists of scalar matrices in
1+ Matyxn(ma,). This shows that

Gi(p2) > G(f20p2)

is surjective and hence that (17.3) is injective. As we've O

Lecture 11
18. ABSOLUTE IRREDUCIBILITY

Let G be a profinite group. In this section we briefly discuss the condition
Cr(p) = k for a continuous representation p : G - GL, (k) which ensured D5 was
representable. Recall

Cr(p) = {M € Mat,x, (k) | Mp(g) = p(g)Mfor all g G}

Remark 18.1. If we view p as giving an action of G on the k-vector space k™ then
Ck(p) identifies with Endg(p) i.e. the set of linear maps k™ — k™ which commute
with the action of G.

Example 18.2. (1) If p: G - GL,, (k) is trivial then Ci(p) = Mat,x, (k).
(2) Suppose p: G - GLa(k) is given by

_[(xa(g) c(9)
pl9) = ( 10 Xz(g))

If x1(g9) = x2(g) then Ck(p) contains all all diagonal matrices so Ci(p) #
k. If x1(g) # x2(g) for some g then Ck(p) is contained in the group of
upper triangular matrices.

Definition 18.3. We say that p is irreducible if there exists no proper non-zero
subspace of k™ which is stable under the action of GG induced by p. We say that
p is absolutely irreducible there exists no proper non-zero subspace of k£ which
is stable under the action of G induced by the composite

G L QL (k) - GL, ()

Example 18.4. Here is an example of a irreducible representation which is not
absolutely irreducible. Let G be the cyclic group of order 4 with generator g
and assume that k& does not contain a square root of —1. Then consider the
representation

ﬁ G~ GLQ(k)

. _ 0 -1 9 . .
given by p(g) = 1ol If k* contains a non-zero proper subspace then this
must be generated by ae; + fes. for a, B € k for eq,es € k? the standard basis.
Since it is stable there must be z € k such that

p(g) - (aey + Peg) = —Pe1 + aey = z(aey + Peg)
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Therefore za = -3 and 28 = a. If @ # 0 then a = 28 = z(-za) = —2%a so 2% = -1
which is impossible. Similarly if 8 # 0. This shows that p is irreducible. However
it is not absolutely irreducible because if z2 = -1 then

p(g) - (e1 +ze22) = z(e1 + zez)
Lemma 18.5. If p: G - GL, (k) is absolutely irreducible then Cy(p) = k.

Proof. It is enough to show Cy(p) = k. If we view any M € C;(p) as an endo-

morphism of k" then M must be injective since the kernel if G-stable. Hence M
is an isomorphism. It follows that Cy(p) is a finite dimensional k-algebra. Any

such algebra over an algebraically closed field equals k so we are done. O

19. p-FINITENESS FOR LOCAL GALOIS GROUPS

Let K be a finite extension of Q, and write Gx = G(K/K) for K an algebraic
closure. The goal is to prove

Proposition 19.1. G satisfies the [-finiteness condition for every prime |

Recall this means that Hom(Gy, F;) is finite for any open subgroup. Since any
Go =Gy, for L/K a finite extension we reduce to showing finiteness of

Hom (G, ;)

Note this is equivalent to showing that K admits only finitely many extensions
of degree [. Thus, the following version of Hilbert’s theorem 90 is useful:

Theorem 19.2 (Hilbert’s Theorem 90). Let | be a prime and suppose K is a
field of characteristic prime to I and containing a l-th root of unity. Then the
map

K*J(K*)! - {degree p extensions of K}
sending [a] = K (a'') defines a bijection.

Proof of Proposition 19.1. We can prove the finiteness after adjoining an I-th root
of unity to K. Therefore, the theorem reduces us to showing that

KX/(KX)l

is a finite group. For this we recall the explicit description of K. If we choose a
uniformiser m € K then

K* 27 x O
We can also write O} = k™ x (1 +mg). This reduces us to showing that
(1+mg)/(L+mg)?
is a finite group. For this look at the exact sequence

1->(1+mg)/(1+mg)! > (1+mg)/(1+mg)’ >Q — 1
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Then @ is a quotient of (1 +mg)/(1 +m}% ) which is a finite group. So we are
reduced to showing finiteness of the first term for n >> 0. For this recall that the

logarithm map
2?28
l+z2z2-—+——-...
2 3

defines an isomorphism between 1+ m’- and m% for n sufficiently large. Thus
(1+mi)/(1+mg)P 2 mlh/pmi
which is a finite. 0
Next we recall the structure of the Galois group G . Let k denote the residue
field of K (which is a finite field of characteristic p). Recall that for every finite
extension [/k there exists a unique extension L/K for which 7 is a uniformiser of

L whenever 7 is a uniformiser of K. We say such L/K are unramified. This is
also equivalent to asking that the map natural map

G(L/K) - G(l/k)
for [ the residue field of L is an isomorphism. Set
Kur — U L

with the union running over finite unramified subextensions K ¢ L ¢ K. Then
K" is normal and there is an exact sequence

1 - G(K/K"™) - Gg - G(K™|K) -1
and G(K"/K) = G(k/k) = Z where k denotes the residue field of K which equals
an algebraic closure of k. We write
Ik =G(K/K"™)

and call this the inertia subgroup of G .
We can also partially describe the structure of Ix. Using Hilbert’s Theorem
90 one can prove that

Claim. Fiz a uniformiser m € K. Then every degree n extension of K" for n
prime to p can be written as

qu‘blr _ Kur(ﬂ_l/n)

for @™ an n-th root of m and G(K ™ |K™) 2 ju, (K™).

As a consequence:
Corollary 19.3. Set

K'=| K"
with the union running over n prime to p. Then there is an isomorphism
t ury ~q: ury ~
G ™) = i (K) = [ 2

where p, (K") denotes the group of n-th roots of unity in K. This isomorphism
s given by
PN (O_(ﬂ_l/n)ﬂ_—l/n)n
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Define Px = G(K/K") which we call the wild inertia subgroup. Notice that
this is pro-p-group and we have exact sequences

1—>PK—>IK—>HZl—>1
l#p
and
1- LiLnun(Kur) - Gg/Px = G(K'|K) - G(K™/K) - 1
Any compatible system (7r1/ ™) of prime to p roots of a uniformiser w € K defines

the splitting of this latter exact sequence by sending o € G(K"/K) onto the

automorphism of K* = (J K" (/") which equals o on K" and maps 7"/" onto
1/n
.

Proposition 19.4. The tame Galois group G(K'/K) can be topologically gen-

erated by two elements o, satisfying the relation

oot =71
where q denotes the cardinality of the residue field.
Proof. Choose a compatible sequence 7/" as above and suppose that o € G(K* /K)
is the image under the induced splitting of the element in G(K"/K) which acts
as ¢ — z¢ on the residue fields. Also, choose a generator in liﬁlun(K“r), ie. a
compatible system of primitive n-th roots of unity (,. If n is prime to p then

o(¢n) = ¢ and
T(Wl/n) _ Cnﬂl/n
Therefore o707 € G(K!/K") sends

ﬂl/n N 7r1/n s Cnﬂl/n . Czﬂl/n

Since 77 sends 7™ > (I71/™ these automorphisms coincide. O

20. p-FINITENESS FOR GLOBAL FIELDS

Now suppose that K is a number field with absolute Galois group Gg. It is
no longer the case that G satisfies the p-finiteness condition. For example, the
Kronecker—Weber theorem asserts that

Gy 27"
and so one can easily compute:

Exercise 20.1. Show that G does not satisfy the p-finiteness condition for any
prime p.

However, one can obtain p-finiteness if one restricts the ramification slightly.
Suppose L/K is a finite extension of number fields. Recall that for each prime
p of L lying over q in K we say that L/K is unramified at p if the extension of
local fields Ly/ K, is unramified.
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Fact 20.2. Let .S be any finite set of primes in K. Then there exists a maximal
extension Kg of K which is unramified over Q at any prime not contained in S.
This is a Galois extension and we set

Gks=G(Ks/K)
which is a quotient of Gg.
Theorem 20.3. For any finite set G s satisfies the p-finiteness hypothesis.
The proof is more difficult. First one shows

Exercise 20.4. any open normal subgroup of Gk s can be written as Gk g for
some finite extension K’ of K and S’ some finite set of primes.

Thus the theorem reduces to showing that Hom(Gg s, F)) is finite. This follows
from the following important finiteness result:

Theorem 20.5. (Hermite-Minkowski) Let K be a finite extension of Q and S a
finite set of primes of K. For each integer d there exists finitely many degree d
extensions of K which are unramified outside S.

Lecture 12
21. EXAMPLE: 1-DIMENSIONAL LOCAL DEFORMATION RINGS

First we will compute deformation rings of one dimensional representations.
This will be easy granting results from class field theory:

Theorem 21.1 (Local class field theory). Let K be a finite extension of Q, with
mazimal abelian extension K*°. There is an injective homomorphism

0:K* > G(K™/K)
called the Artin map, fitting into a commutative diagram

v

0 — O > K~ > Z > 0

| ls |

0 — G(K*®/KV) —— G(K**/K) —— G(K™/K) — 0

112

The map © induces an isomorphism K* = G(K*/K).

Let p: Gxg - GLi(F) for F a finite field for K a finite extension of Q. Since
GL1(R) is abelian for every R € C (i.e. for every complete local Noetherian ring
with residue field F) it follows that every p € DZ(A) factors through G(K ab/K0).

['herefore
o _ O
Dﬁ = D@

where ¢ : K* - GL(F) is obtained by composing 7 with the Artin map ©.
For one-dimensional representations one the following lemma reduces us to the
case of deforming the trivial representation
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Lemma 21.2. Suppose p: G - GL,(F) and ¢ : G - GL{(F) are continuous.
Set

[¢]: G > GL1(W(F)), [¢](9) = [¥(9)]

Then
prpe[v]
defines an isomorphism of functors between D% and DE@E. In particular Dg is
representable if and only if Dﬁ@@ is.
Proof. This is clear. O

Lets consider the case of one dimensional deformations of Gg, .
Lemma 21.3. There is an isomorphism
Q) 2ZxF, x (1+pZy)
of profinite groups. Furthermore, if 1+ pZ, is viewed as a Zy-module via

7-(1+X)=Z(Z)X”

n>0

then 1+ pZ,, is free of rank one over Zy if p > 2 and is isomorphic to
{£1} xZy
for p=2.
Proof. The map is given by Z x F x (1 + pZp) - Q, is given by
(n,z,y) = p"[z]y

For the claim regarding the Z,-module structure of 1 + pZ, recall that the loga-
rithm and

-1 n+1Xn
log(1+X) =73 (Gl Vi S
n>0 n
converges on 1 + pZj, for p > 2 and on 1+ 4Z,. U

Any deformation of the trivial representation factors through the maximal pro-
p-quotient of the group. In particular, deformations of the one dimensional trivial
representation of Q factor through

o Zx1Z,if p>2 and
o 7 xZ,x{+1} is p = 2. Therefore
Corollary 21.4. Let v : @ — GL1(F) be the trivial character. Then

(1) If p>2
Ry = W (F) [z, 4]

is the universal deformation ring of ¥ and the universal deformation sends

P ipe [B(p)]+x, 1+pe [P(1+p)]+y
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(2) If p=2
_ W®)([,y,2]]
PT(-D) )21
s the universal deformation ring of ¥ and the universal deformation is
given by
P2 [B2)]+ X, 1+de [B(B)]+Y, 1o [P(-1)] +2)°
Actually, deformation rings of 1-dimensional representations can be described
in general using the following construction.

Definition 21.5. Let G be a profinite group. For any ring A define the completed
group ring
A[[G]] = lim A[G/H]
H
with the limit taken over all open normal subgroups H c G and A[G/H] equal
to the usual group ring, i.e. the free A-module on the elements of G/H with
multiplication given by multiplication in G/H.

Lemma 21.6. Suppose that the ring is profinite. Then A[[G]] is the completion
of R[G] for its profinite topology.

Exercise 21.7. Suppose that A is a complete local Noetherian ring with finite
residue field. Then show that continuous homomorphisms p : G - GL,,(A) are
the same thing as continuous A-algebra homomorphisms A[[G]] = Mat,x,(A).

Lemma 21.8. Suppose that k is a field of characteristic p and G is a finite
abelian p-group. Then k[G] is a local ring with mazimal ideal generated by g — 1
for all g€ G.

Proof. We can write G = @]_, Z/p* for some a; > 1. If g; € Z/p* are generators
then . .
KIG) = kg1, 0] /(X" =1) = [Ty, TI/(TP™)

for T; = g; — 1 (here we use that gf 1= gf " because k has characteristic p. It
is easy to see this is local. Il

Corollary 21.9. Suppose that T is an abelian pro-p-group. Then W (F)[[T']] is
a complete local ring with residue field F. The maximal ideal is generated by p
and g—1 for all geT.

In particular this shows that
W(F)[[Zp]] = W (F)[[T]]
via v -1+ T for vy € Z, any generator.

Proposition 21.10. Suppose that T is a pro-p abelian profinite group and that
¥ : T — GL1(F) is continuous. Then the pair (W (F)[[T]],v"™) where

YUY G~ GLy (W (F)[[T]])

is the continuous homomorphism given by g~ [1(g)]g (here the second g denotes
the element in W (IF)[[T']]) represents the functor D%.
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Proof. Using the previous lemma we can assume that v is the identity. Then
any U € D% corresponds to a homomorphism G — 1+ my. Extending by W (F)-

linearity produces a W (IF)-algebra homomorphism W (F)[[T']] — A. Conversely,
given any W (F)-algebra homomorphism W (F)[[I']] = A which maps the maxi-
mal ideal of W (IF)[[T']] into the maximal ideal of A produces a homomorphism
I' > W(F)[[T']] = 1+m4 (note that maximal ideal of W (IF)[[T']] is the ker-
nel of the map W(FF)[[I']] - F induced by g ~ 1 for all g € T', in particular
I'cl+ mW(F)[[F” Il

22. EXAMPLE: DEFORMATIONS OF SOME TWO DIMENSIONAL p-ADIC
REPRESENTATIONS

In this example we take F a field of characteristic p > 2 and consider deforma-
tions of representations of the form

7:Gg, > GLa(F), ﬁ(g)=([1) C(f’))

for ¢(g) : G = F a l-cocycle. We've already seen that if p is trivial then any
deformation will factor through the maximal pro-p quotient. In fact:

Exercise 22.1. Note that the image of p is a p-group. Show this implies that
every deformation of p factors through the maximal pro-p quotient of Gg,

Let G denote the maximal pro-p-quotient of G. We have already computed
the abelianisation of G, namely it was isomorphic Z, x (1 + pZ,,) (for p > 2).

Claim. Choose 7,0 € G whose images in G* respectively identify with (1,1 + p)
and (1,1). Then ~,d freely generate G.

Proof. The fact that v,d generate G follows from the argument in Lemma 13.8.
The fact that v, d freely generate is a special case of a more general result we’ll
see later. g

As a consequence of this claim we deduce that the universal framed deformation
ring of p is
R5 = W(F)[[211,Z12, T21, 22, Y11, Y12, Y21, Y2,2]]

univ

and the universal deformation is p sends

N (1+$11 .%'12+[C(’)/)])7 5 > (1+y11 3/12"'[6(5)])

21 22 Y21 Y22

23. EXAMPLE: DEFORMATIONS OF n-DIMENSIONAL TRIVIAL
REPRESENTATIONS

The discussion from the previous section generalises to any finite extension K
of Qp and any p: Gk - GL,(F) whose image is a p-group (as before F is assumed
to have characteristic p). In particular, when 7 is the trivial representation. This
requires a description of the maximal pro-p-quotient of G i which we denote Gﬁ’{.

Using what we know already we can prove:
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Lemma 23.1. Set q equal to the cardinality of pip=(K).

(1) G’;{ 1s topologically generated by d+1 elements if g=1 and d+2 is g > 1.

(2) The abelianisation of G’I’( is freely generated as a pro-p-group by d + 2

elements g1,..., g4+ with the single relation
gi=1

Proof. The argument from Lemma 13.8 implies that any lift to GI}’{ of a generating
set of GP*P generates GP.. Therefore, (2) implies (1). For (2) note that Goab
equals the maximal pro-p-quotient of G%’ ~ K*. Hence

G%ab = Zp x 1 +mg
As when K = Q, we can view 1 +mpg as a Zy-module. It is finitely generated and
its torsion part is - (K). Hence
L+mp = ppe (K) x Zy,
Using that 1+ mf% = mp% via the logarithm for sufficiently large m we see that
1+ mg has Z,rank [K : Q,]. Since p,~(K) is cyclic of order ¢ this finishes the
proof O
Corollary 23.2. The deformation Ting R% for any v : Gg — GLy(F) can be

expressed as
W(F)[[ X1, .., Xas2]]

RE =
Y (1+1‘1)q—1)

The more precise version is:

Theorem 23.3. (1) (Shafarevich) If q = 1 then G%, is a free pro-p-group of
rank [K : Qp] + 1.
(2) (Demuskin) If ¢ > 3 then G%. is the quotient of a free pro-p-group on d+2
generators gi,..., G4+ by the relation
91lg1,921[92: 93] - - - [9as1, Gas2]
where [g,h] = ghg th™L.
The case ¢ = 2 has also been computed by Serre when [K : Q] is odd and
Labute when [K : Q] is even.

Corollary 23.4. Suppose p : Gxg — GL,(F) has image a p-group. Then the
framed deformation ring R% can be expressed as:

o W(F)[Xl,...,Xd+1] ifq=1
F5 = W[ Xy Xaro]] Fa>2
(XD A[Xit ], X0+ 1) [Xas+ [ XgeotI1-1) - W 4

where each X; is an n x n matriz of indeterminants.

Finally, we point out an interesting result. Note that for any p: G - GL,,(IF)
there is a morphism of functors

[m] [m]
Dﬁ - Ddetﬁ
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sending a deformation to its determinant (which is viewed as a 1-dimensional
representation). This induces a map on deformation rings:

Riap) = Bp

If G = Gk for K/Q), finite and I of characteristic p then this map can be written
as
W(F)[[ X1, .., Xas2]] =
(1+z1)7-1) P
After inverting p and taking Spec the left hand side is a union of ¢ components.
In fact a recent theorem (which Paskunas will talk about in the Mittagseminar
next week).

Theorem 23.5 (Bockle-Paskunas-Iyengar). This map induces an bijection

W(F)[[le e 7Xd+2]:| [1])
(1+z1)7-1) D

mo(Spec RE[>) = mo(Spec

Here my indicates connected components.

Lecture 13
24. H! AND TANGENT SPACES

For G a profinite group and p: G — GL, (F) a continuous homomorphism with
I a finite field recall that the tangent space of the functor Dg is

DR(F[e]),  Fle] = F[X]/(X?)

We shows that DZ(F[e]) naturally identified with the group of 1-cocycles Z (G, End(p))
consisting of continuous maps

f: G = Matxn (F)

such that f(gh) =p(9)f(h)+ f(g)p(h) for all g,h € G. Recall that the bijection
was given by the map Z'(G,End(p)) - D%' (F[e]) which sends

fepp=(9~0(9)+¢f(9))
where p(g) + ef(g) is viewed as an element in GL, (F[e]).

Proposition 24.1. Let BY(G,End(p)) c Z(G,End(p)) be the subspace consist-
ing of functions f: G — Matyx, (F) with

f(g) =p(9)X - Xp(9)
for some X € Mat,x,,(F). Then the map Z'(G,p) - DZ(F[e]) induces a bijection

ZYG,End(p)) -~
BY(G,End(p)) - Dﬁ(F[e])
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Proof. Consider two 1-cocycles f, f' and g € G. An easy computation shows that
there exists 1+ €Y € 1+ e Mat,x,(F) so that

(L+eY) (p(g) +ef(9)) (1=€Y) =p(g) +ef'(9)
if and only if
f(9) +Yp(9) -p(9)Y = f'(9)
Therefore f - f' € BY(G,p) if and only if the images of f and f’ in DZ(F[e]) are
equivalent (i.e. represent the same element in D5(F[e])). O

25. COHOMOLOGY OF DISCRETE (G-MODULES

Let G be a profinite group and A a G-module, i.e. an abelian group A equipped
with an additive action of G.

Definition 25.1. A G-module is discrete if the action map G x A — A is contin-
uous when A is given the discrete topology.

Exercise 25.2. Show that a G-module A is a discrete G-module if and only if
the stabliser in G of any element in A is an open subgroup if and only if A = J AY
where U runs over open subgroups of G and AY denotes the subgroup of A fixed
by all elements in U.

Example 25.3. Let p : G - GL,(R) be continuous with R € C° (i.e. R is an
Artinian local ring with finite residue field). Then p makes R"™ into a discrete
G-module. This is because the mg-adic topology on R is the discrete topology
(as m% =0 for n >>0).

Warning 25.4. However, if R € C (i.e. R is a complete local Noetherian local
ring with finite residue field) then R™ with the G-action induced by p need not
make R" into a discrete module. This is not such a problem for us because we’ve
seen D%' is entirely determined by its values on CV.

Now we show that our construction of H'(G,p) is the special case of a more
general construction. For any discrete G-module A set C™(G, A) equal to the
abelian group of continuous maps G" - A. Then one can define a coboundary
map

d:C"(G,A) - C"(@G, A)
by the formula

(df)(g1s---s9n+1) = 91f (g2, gns1)
+ i(-l)if(gl, o5 GiGisls -5 Gnel)
i=1

+ (1" (91, 9n)

This produces a complete

LS C(GA) S oG, A) S G A) >
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and one defines H"(G, A) as the cohomology of this complex. In other words,
one defines

ker(C™(G, A) & CmU(G, A))

H"(G,A):= y
im(C"1(G,A) - C"(G, A))
For small n the H"(G, A) can be described explicity:

(1) For n <0 one has H"(G, A) = 0.

(2) One has HO(G, A) = ker(C%(G, A) % CY(G, A)). If ae CO%G,A) = A
then d(a)(g) = g(a) — a. Therefore a € HY(G, A) if and only if g(a) = a
for all g € G. Hence H(G,A) = A®.

(3) For n = 1 notice that any f € ker(C'(G,A) - C*(G, A)) is a function
f:G - A such that

(df)(91,92) = g1f(92) = f(g192) + f(g1) =0

for all g1,92 € G. In other words, f(g192) = g1f(g92) + f(g1). We also see
that f € Im(C°(G,A) - C(G,A)) means that f(g) = ga - a for some
a € A. Hence

{f:G—Alf(gh) = f(9)+9f(h)}
{f:G—A| f(g)ga—a for some a € A}

Lemma 25.5. Let p : G - GL,(F) be continuous and write End(p) for the
discrete G-module with underlying abelian group Mat,«,(F) and G-action given
by conjugation with p(g). Then

HY(G,A) =

ker(C1(G, End(7) % C2(G, End(5))) = Z'(G, End(5))

and )
. Z(G,p)
HY(G,End(p)) = =225 = D5(F
(G,End(p)) B1(G.2) p(Fle])
Proof. The first equality is given by the map
fr (g~ f(9)p(9))

Since this identifies
im(C°(G, End(p)) > C1(G,End(p))) = B*(G, End(p))
the first equality induces the second. O

26. INTERPRETATION OF H? N TERMS OF DEFORMATION THEORY

We’ve just seen the relevance of H' with regards our deformation functor Dg.
The second cohomology groups are also important. To explain this consider the
following setup. Let

A1 - A

be a small morphism in C°. Recall this means that it is surjective and the kernel is
killed by m 4, and is one-dimensional as an F = A; /m 4, -vector space. This means
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that the kernel is generated by a single element say ¢g. Then one can wonder
whether the map

D2(A;) - D2(A)

is surjective. In other words, can deformations to A be lifted to A;. We'll see
later that if this is always the case then the corresponding deformation ring will
be as nice as possible (a power series ring). There is a cohomological critera for
liftings to exist:

Construction 26.1. Fix pe€ DE(A) and fix a set-theoretic mapping
p1:G - GL,(4)

which equals p after composing with GL, (A1) - GL,(A) and define ¢ : G* -
Mat,xn (F) by

c(g1,92) = p1(g192)p1 (92)_1101(91)_1 —1 € Matyxn(ker(A; — A)) = Mat, . (IF)

Exercise 26.2. Show that ¢(g1, g») € ker(C2(G, End(5)) % C3(G, End(p))).
Suppose g/ is another choice of lifting of p. Then
Py —p1=F € CY(G, Matn(ker A; - A)) = C*(G,End(p))
Since the kernel of A; - A is square-zero, one has
(pr(z) + F(@) " = (pr(z) " = pr(2) ' F(@)pr(x) ™) = (pr(2) ' = pla) ' F(x))
Therefore
(x,9) = (p1(zy) + F(zy)) (p1(v) ™" = 5(y) " F(0)p(y) ™) (pr(2) ™ = p(2) " F(2)p(2) ™)
= c(z,y) + F(ay)p(y) o)™ = p(x) F(y)p(y) 'o(2) ™" = F(x)p(x) ™

= c(x,y) + G(zy) - 6(x)G(y)p(x) " + G(x)
=c(z,y) + (dG)(z,y)

for G(x) := F(z)p(xz)™'. As a consequence this construction produces a well
defined element of H*(G,End(p)) which we denote by c(p).

Proposition 26.3. The deformation p is contained in the image of
D%‘(A) - Dg(A)

if and only if ¢(p) = 0 in H*(G,End(p)). In particular, if H*(G,End(p)) = 0
then D3 (A) — D5(A) is surjective for every small map Ay - A.

Proof. 1If p is in the image then we can choose p; as in the definition so that p; is a
homomorphism. Thus ¢ =0 and so ¢(p) = 0. Conversely, if ¢(p) = 0 we can choose
p1 so that the associated function ¢ = 0. Therefore p; is a homomorphism. g
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27. GENERAL TOOLS TO COMPUTE GROUP COHOMOLOGY

Long exact sequences. Suppose that 0 > A - B - C — 0 is a G-equivaraiant
exact sequence of discrete A-modules. Then one obtains an exact sequences

0->C"(G,A)-C"(G,B)->C"(G,C)-0
and hence an exact sequence of complexes

0->C*(G,A)->C*(G,B) - C*(G,C) -0
(this is the definition of such an exact sequence).

Lemma 27.1. There exists an associated long exact sequence of cohomology
groups

..~ H(G,A) > H(G, B) - H(G,C) > H™ (G, A) > ...
Proof. This follows by applying the snake lemma to the following diagram
CY(G,A)/imdy! —— CYG,B)/imdi5! —— CU(G,0)/imd5t —— 0

l | |

0 ——— ker di‘ s ker dfg > ker dic

g

Sometimes this general formalism is enough. For example if you know the
HY(G, A) and H(G,C) all vanish then this exact sequence gives vanishing of the
middle terms. But sometimes you really need to understand what this map §
really is: here is the simplest example

Example 27.2. The map 6 : H'(G,C) - H'(G, A) can be defined as follows.
Take z € C% = H°(G,C) and choose an element y € B mapping onto . Then

5(x)(g) =gy -y

Change of group. Let G and G’ be two profinite groups, and let f : G - G’
be a homomorphism. Suppose that A and A’ are respectively discrete G and
G’-modules and that h: A - A’ is a continuous map of abelian groups such that

h(gz) = f(g)h(x)

for g € G,z € A. Then one obtains a map of complexes

C*(G' A" - C* (G, A)
and hence maps on cohomology

HY(G' A" - H(G,A)
This construction is particularly useful when we consider the inclusion of a closed
subgroup H c G and when we take A = A’. This gives the restriction homomor-
phism ‘ ‘

Res: H'(G,A) -~ H'(H,A)

(on functions it is just given by restriction). The following is particularly useful:
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Proposition 27.3. Suppose that H c G is open and that the index (G : H) = n.
Then the kernel of Res is killed by n. In particular, if A is a p-group and (G : H)
s prime to p then the restriction map is injective.

Corollary 27.4. Suppose that G has order prime to p and the G-module A is a
p-group. Then H'(G,A) =0 fori>1.

Proof. Applying the previous proposition with H = {1} shows that H (G, A)
injects into H'({1}, A). Since
~ A ifi=0
H'({1},A) =
({1 4) {0 ifi>0

it follows that H*(G,A) =0 for i > 1. O

Another useful tool for computing cohomology is the restriction—inflation exact
sequence. Let N c G be a closed normal subgroup and suppose A is a discrete
G-module.

Claim. There is an action of G/N on H'(N,A). Fori=1 (which is all we need)
this is induced by the action on 1-cocycles action

g-f(n)=gf(g 'ng)
Exercise 27.5. Check this defines a G/N-action.

Then the inflation-restriction exact sequence says that the sequence

inf res

0 HY(G/N,AN) 5 HY(G, A) =5 HY(G, A)SIN
is exact. The first map is inflation (coming by the change of group functoriality)

and the second is the restriction map.

Remark 27.6. In fact this sequence extends can be continued further:
0> HY(G/N,AN) > H'(G,A) - H'(G, )N - H*(G/N, AN) - H*(G, A)

Shapiro’s Lemma. One can define induced discrete G-modules which recovers the
usual notion of induced representations for finite groups. For this, let H c G be a
closed subgroup and suppose that A is a discrete H-module. Set Indg(A) equal
to the set of continuous maps

a G- A
satisfying a*(ha) = ha*(z) for h e H,z € G. We can view Ind% (A) as a discrete
G-module via the G-action

(9-a")(x) = a”(zg)

Evaluating at 1 € G produces a map Ind%(A) - A which is compatible with the
inclusion H — G. Therefore, we obtain homomorphisms

HY(G,1Ind$ (A)) - H'(H, A)

Proposition 27.7 (Shapiro’s lemma). These are isomorphisms
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Sketch. The proof is easy if one interprets the cohomology H*(G, -) as the derived
functors of the fixed point function A — A®. Indeed, A — Indfl(A) is exact and

Frobenius reciprocity implies that it sends injective objects to injective objects.
O

Exercise 27.8. Prove Shapiro’s lemma directly using the cocycle description for
i=0,1.

Lecture 14
28. THEOREMS FOR COMPUTING COHOMOLOGY OF LOCAL (GALOIS GROUPS

We begin with the cohomological version of Hilbert’s theorem 90:

Proposition 28.1. Here K is any field. Then for any Galois extension K'|K
one has HY(G(K'|K),K™) =0 and HY(G(K'|/K),K') =0 for g >1.

As a corollary we find:

Corollary 28.2. Let n be an integer prime to the characteristic of K and let
pn(K) denote the group of n-th roots of unity in K. Then H' (G, pun(K)) =
KX/(KX )n'

—x xz"

Proof. From the exact sequence of G -modules 1 - i, (K) > K ———- K -1
we obtain an exact sequence

H(Gg,K") - HY(Gg,K") - H' (G, pn(K)) » H'(Gg, K )

The first map is the n-th power map K* — K™ so we obtain an inclusion
K*J(K*)" - H'(Gg,pn(K)). Since H(Gg,K") = 0 this inclusion is a sur-
jective. 0

Definition 28.3. For a profinite group G and a prime [ set c¢d;(G) equal to the
l-cohomological dimension of G. This is the smallest (possibly infinite) integer
for which the p-primary part of H* (G, A) = 0 is zero whenever i > cd;(G). One
sets ¢d(G) equal to the supremum of the c¢d;(G) as [ runs over all primes.

From now on we assume the field K is a finite extension of Q.

Theorem 28.4. For G = Gk one has cd(G) = 2.

Therefore the only relevant cohomology groups in this case are given by H°, H!
and H2. The next theorem of Tate reduces calculations of H? to those of HY.

Theorem 28.5. Assume that A is a finite Gk -module. Set p equal to the G-
module obtained as the union of u,(K) for all n. Then there is a perfect pairing

H'(Gr,A) x H'(Gx,Hom(A, 1)) ~ Q/Z

We are most interested in the case where A is a finite dimensional F;-vector
space for some prime [. Specialising the theorem in this situation gives:
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Corollary 28.6. Suppose that A is a finite dimensional F;-vector space. Then
there are isomorphisms
H°(Gg,A) = H*(Gg,Hom(A, 1))
as groups. Similarly
HY(Gk,A) = H' (G, Hom(A, 1))
Here we write p for the G r-module py(K).

Proof. The theorem gives an isomorphism
H°(Gk,A) = Homz(H?* (G, Hom(A, 1)), Q/7Z)
Since A is an Fj-vector space we have Hom (A, 1) = Hom(A, y;(K)). Also H(G i, Hom(A, ;)
is an Fj-vector space so we can replace the Q/Z by its [-torsion subgroup which
is [%]Z/Z ~ ;. Therefore
H%(Gg,A) 2 HomFl(HQ(GK,Hom(A,m)),IFl)
O

We can make this even more explicit. A Gg-module A with A = F” for F
a finite field of characteristic [ is the same thing as a continuous representation
p: Gk — GL, (). If we choose an identification y; = F; by fixing a primitive [-th
root of unity ¢; in K then the action of G on sy is given by the I-cyclotomic
character:
Xeye,l * Gk ~ le

defined by the identity g(¢;) = ") for g € Gx. Therefore, the Gx-module
Hom(A, ) corresponds to the continuous representation p" ® xeyeq @ Gx —
GL,,(F) given by
ﬁv ® chc,l(g) = ﬁ(g_l)tchc,l(g)
Here X! denotes the transpose of a matrix X.
Example 28.7. e We have H2(GK7chc,l) = HY(Gg,F) =T,.
e We also have HY (G, F;) = HY(Gg, ) = K*/(K*)\.

The last important result for computing cohomology of p-adic fields is Tate’s

Euler characteristic formula. For any finite G g-module A set

hP(A)R2(A)
A =
x(4) )
where h'(A) denotes the cardinality of the finite group H*(Gf, A). Note that if

A is an F;-module then the Euler characteristic contains the same information as
the alternating sum

dimp, H*(Gk, A) - dimg, H* (G, A) + dimp, H*(G g, A)
which is the more familiar definition of the Euler characteristic.

Exercise 28.8. Show that if 0 > A - B - C — 0 is an exact sequence of finite
G g-modules then x(B) = x(A4)x(C).
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We first give an easier special case of the main theorem:
Proposition 28.9. If the order of A is prime to p then x(A) =1.

Proof. Let k denote the residue field of K. Our proof will use two facts:

e The first is that the inflation-restriction exact sequence from last time
can be extended to a 7-term! long exact sequence:

0 HY(G/N,AN) - HY(G, A) > H'(N, AN - H*(G/N, AN)
— ker (H*(G,A) -~ H*(N,A)) -~ H'(G/N,H" (N, A))
— ker (H*(G/N,AN) > H*(G, A))

o Hi(Ig,A)=0and H(Gj,A) =0 for i > 2.

Let k denote the residue field of K and recall the inertia subgroup Ix c Gg.
Then one sees directly from the definitions that

HY(Gg, A) = H (I, A)%*
The inflation-restriction long exact sequence gives that
H*(Gx,A) = H' (Gy, H' (Ixc, A))
because H?(Ix, A) = H3(Gy, AT%) = 0. We also get
0> HY (G, ATF) > HY(Gg, A) » H (I, A)F -0
because H?(Gy, A) = 0. Therefore

Card(H® (I, A)C*) Card(H' (G, H' (I, A)))

x(A) = Card(HY(Gy, Alx)) Card(H (I, A)Cr)

The result t}l\erefore followi from the computation that for any finite Z-module
A both HY(Z, A) and H*(Z, A) have the same cardinality. O

The general result which computes y is:
Theorem 28.10. Let A be a finite Gg-module of cardinality a. Then
¥(A4) = la]
where ||a|| denotes the absolute value on K normalised so that ||p|| = pl*<@].

When A is an F;-vector space then we can reformulate this in terms of the
alternating sum of the dimensions of the cohomology groups. When [ # p it just
says that this alternating sum is zero. When [ = p it shows that

dim H(Gg, A) - dim H* (G, A) + dim H*(Gg, A) = [K : Q,]dim A

We'll see later that these alternating sums are related to the dimension of our
deformation rings.
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29. EXAMPLES: MOD p REPRESENTATIONS OF A p-ADIC FIELD

Continue to assume that K is a finite extension of Q, and consider a continuous
representation of p : Gxg — GL,(F) with F a finite field. We’ve seen that com-
puting the cohomology of End(p) is useful for understanding the corresponding
deformation ring R;. Here we’ll discuss some examples of these computations.

The cases where F has characteristic [ # p and [ = p behave very differently.
Here we’ll try to understand the case where [ = p. This is based on the following
key lemma:

Lemma 29.1. Let G be a p-group acting on a finite dimensional F,-vector space
A. Then H°(G,A) =0 if and only if A=0.

Proof. Assume A # 0 and A~ {0} has no fixed points. Then every G-orbit in
A contains > 1 element. By the orbit-stabiliser theorem the cardinality of every
G-orbit divides that of G. Thus, every G-orbit in A \ {0} has order divisible by
p. But this is a contradiction since it implies

Card(A ~ {0}) =0 modulo p
O

Corollary 29.2. Suppose that F has characteristic p and p is irreducible. Then
p factors through the tame Galois group G(K'/K) = G/ Px.

Proof. Since Pk is a pro-p-group the previous lemma implies that p contains a
non-zero vector v fixed by Pk. Since p is irreducible it is generated as a F[G k|-
module by v. Therefore Pk acts trivially on the whole of p. O

This has the following important consequence. Recall that if H c GG is a closed
subgroup and A is a discrete H-module then we defined the induction Indg A.

Proposition 29.3. Assume that F =T, and that p: Gx — GLy(F) is irreducible.
Then there exists an unramified extension L/K such that and a 1-dimensional
representation x : G, - GL1(F) such that

P Indf X = Indgf X

Proof. Set V = p viewed as a G-module for G = G(K'/K) and write I" for the
tame inertia subgroup, i.e. the kernel of G - G}. Then I' = [11+p Zi and so is
abelian of order prime to p. Therefore V| is semi-simple (note this uses that
F=T,) as an I"-module and so we can write

Ve
as a direct sum of x : I' - F*. If v € G and x is such a character then we can
define x() by setting
XP(g) = x(v"g7)
Note this character only depends upon the image of v in Gj. If I acts on v e V

via x then it acts on yv by x(?*). This shows that the group G} acts on the
set of characters appearing in V|;,. Fix such a y and set H ¢ G be the normal
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subgroup corresponding to the stabiliser of x in Gy equal to its stabiliser. The
orbit—stabiliser theorem says that

[G:H]SdimFV

On the other hand, Frobenius recirocity (i.e. Shapiro’s lemma for H°) produces
a non-zero map Vg — Ind! y.

Lemma 29.4. The character x extends to a character X : H — F*.

Proof. Suppose L/K is the unramified extension corresponding to H. Then H =
G(L'/L) and we’ve seen that H is generated by two elements o, 7 with 7 € I and
oot = 7€l The fact that H is the stabiliser of y implies that x(79) = x(7).
Therefore we can define an extension of x be mapping o ~ 1. O

This lemma implies that Indﬁ X =X® Indﬁ 1 (by the projection formula)
where 1 is the trivial character. Note that this is a representation of H/I'. Since
Indﬁ 1 is a discrete submodule we can find a finite dimensional stable submodule
Rc Indﬁ 1 so that V|g — Indﬁ x factors through Y® R. Since H/I! is abelian R
admits a composition series 0 = R,, ¢ R,-1 ¢ ... c Ry ¢ Ry = R with each R;/R;:1
one dimensional. Choose i maximal so that V|g — Indﬁ x factors through x® R;.
Then the induced map

Vlig - x®R; > x® R;/Ri1
is non-zero. Therefore Frobenius reciprocity produces a non-zero map
V > Ind%(x ® Ri/Ris1)

Since V is irreducible this is injective so dimV < dim Indg(x ® R;/Ris1). Since
X ® R;/R;;1 is one dimensional this dimension is [G : H]. Since we know [G :
H] >dimV this is an equality and the map is an isomorphism. O

Lecture 15
30. MoD p GALOIS REPRESENTATIONS (CONTINUED)

We contained the discussion from the last part of the previous lecture. Recall
that K was a finite extension of Q,. We say that if p : Gxg - GL,(F) was a
continuous irreducible representation with F = Fp then

s Indf X = Indgf X

for x : G, — F* a continuous character and L/K an unramified extension. There-
fore, if we can understand such characters then we can understand all irreducible
mod p representations.

To do this note any such y factors through the tame Galois group G(L!/L)
which can be topologically generated by two elements o, 7 satisfying oro™! =
79 for ¢ = Card(l) (I the residue field of L). Therefore, any such character is
determined by two elements in F*

e x(0) (this can be any element)
o X(7) which must satisfy x(7) = x(7)?. Thus x(7) e Fy c F*.
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Conversely, any two such elements produces a continuos character. In particular,
if we choose a generator of Fy then we can define a fundamental character

(,ULZGL—>]FX

by setting w(o) = 1 and w(7) equal to the chosen generator of Fy. Of course
this description involves many choices; but there is a more natural description of
these fundamental characters.

Construction 30.1. Fix a uniformiser 7 € K and an embedding 7:! < F. Then
we can define a continuous character wy, : Gp, - F* by composing

1/(g-1)
of g(m )

g the image inl W

with 7.

Exercise 30.2. Prove that this character is a fundamental character and that
its restriction to I, is independent of the choice of .

Proposition 30.3. Fiz a fundamental character wy. Then every continuous
character x : Gp, - F* can be written uniquely as

-1 i
Zi:O a;p
YO wy

for0<a; <p-1 and f defined by q=p’.

Proof. We've just seen that such y are determined by where they send o and 7.
Where they send o determines the unramified character 1) and they must send 7
onto an element of F; = (Z/qZ)*. Any such element can be written uniquely as

f-1 ,
Z a;p’
i=0
for 0 < a; < p -1 which gives the result. O

Example 30.4. We've seen that every irreducible representation has the form
Indé{ x for x one dimensional. However, not every such induction will be irre-
ducible (if x is the trivial character this is obvious because the induced repre-
sentation is the regular representation of Gk /Gp). In fact, Mackey’s criterion
implies that Indf x is irreducible if and only if ¥ cannot be extended to a charac-
ter of Gpy —» F* for K ¢ M ¢ L. With notation as in the proposition this occurs
if and only if

-1 .
Z aipZ ¢ ]pr—l
=0

Exercise 30.5. Show that restriction of the cyclotomic character to Gy, can be
written as

s

Xcye = ¢®WL 0P

for some unramified .
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Example 30.6 (Classification of two dimensional mod p representations of G, ).
Suppose p : Gg, - GL2(F) is continuous. Then, either:

e p2YQ® Indgz2 (w(‘épQ) for 0<a<p*-1and p+1 not dividing a. Here Q2

is the degree 2 unramified extension of Q.

_ Xoye  * )
PEY®
( 0 Xy

forO<a,b<p-1.

Proposition 30.7. Suppose that p : Gx — GLo(F) is continuous and that K
does not contain a p-th root of unity. Then

H*(Gg,End(p)) =0

— o Xx1 *
”‘(0 Xz)

for characters x; satisfying Xl)@l = nglc.

except possibly if

Proof. Using Tate duality we know H?(Gx,End(p)) = H*(Gk, End(p)" ® Xeyc)-
Recall the v denotes the F-linear dual. We can write

End(p)” = End(5")

and End(p") ® Xcye = Hom(p", 5 ® Xeye). Therefore, H?(G g, End(p)) is zero if
and only if there exist no non-zero G g-equivariant homomorphisms

P =7 ® Xeye

The assumption that K contains no p-th root of unity implies Xy is non-trivial.
In particular, if p is irreducible (which implies p" is irreducible) then no such
map can exist. If p is reducible then

-1
-V _ X2 *
! ( 0 Xil)

If * = 0 then any such G g-equivariant map must induce either an isomorphism
X2 b XII ® Xcyc Or an isomorphism XII ) e Xeye- Swapping x1 and xo if
necessary this gives the lemma. For the non-split case, any G-equivariant map
must have a non-zero kernel (otherwise it would be an isomorphism and this is
impossible since Xcyc is non-trivial). If x1 # x2 then this kernel must be the only
G-stable subspace corresponding to Xgl. In this case, any G-equivariant map
would induce an isomorphism XIl 2 x5 ® Xeye- 1f X1 = x2 then the case * =0
shows there can be no map after semi-simplifying, and therefore no map before
semi-simplifying. O
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31. OBSTRUCTION THEORY

Now we return to the general setup with G a profinite group and p : G -
GL,(F). Here we also return to the case where F is just a finite field. We saw
in Lecture 13 that if H?(G,p) = 0 then for any surjective morphism A — B
in C° (recall this is the category of Artin local rings with residue field ) the
corresponding map

D%(A) - D%(B)

was surjective. With the definition below this means that the morphism of func-
tors

D%' - pt

(where pt is the functor sending any ring A onto the set consisting of one element)
is formally smooth.

Definition 31.1. Let F' - G be a morphism of set valued functors on C°. We
say this morphism is formally smooth if for the every surjective morphism A - B
in CY the map

F(A) = F(B) xg) G(A)

is surjective.

We know that D7 = Hom(R7, ), and we can also write pt = Hom(W (F),-)

since every object in A € C® admits a unique morphism W (F) - A in C (recall
this means that the map of rings induces the identity on residue fields).

Definition 31.2. Let R — S be a morphism in C. We say that R — S is formally
smooth if the morphism of functors

Hom(S,-) - Hom(R, -)
on CY is formally smooth. Equivalently, for every commutative diagram

S —— B

[T

R—— A

with A — B surjective there exists a morphism S — A making

S —— B

INT

R—— A

commute.

Corollary 31.3. Assume that R; is representable (e.g. if G satisfies the p-
finiteness hypothesis). If H*(G,End(p)) = 0 then the morphism W (F) — Rg is
formally smooth.
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To motivate the name formal smoothness we recall what it means for a map of
rings R — S to be smooth. The easiest definition to write down is that for every
f € R mapping into an invertible element in S one can write

S:Rf[,l'l,...,l‘n]/(fla--'afc)

g:det(gfi)

Lj

so that

maps onto an invertible element in S. Note there are two issues with this defi-
nition. Firstly, it requires R - S to be of finite presentation (which may not be
the case for maps like Z), - Z,[[X]]). Secondly, this definition in terms of par-
tial derivatives is often not very useful in practice. However one can show that
(a version of) formal smoothness (for general rings) and finite presentation is
equivalent to being smooth. So really formal smoothness is the better definition.

Proposition 31.4. Suppose that R - S is a formally smooth morphism in C.
Then
S~ R[[X1,...,X,]]

for somen > 0.

Proof. If S = R[[X1,...,X,]] then this is clear. Choose generators x1,...,z, €S
whose images generate the S/mg = F-vector space mg/(m% + mpS). Set T =
R[[X1,...,X,]]- Then we have a commutative diagram

S s T/(m2 + mgT)

[ !

R—— T /m2T
where uq sends x; onto the class of X;. By formal smoothness we can lift u; to

a morphism ug : S - T/m%. Iterating the procedure using the diagram

Un,
S Uy T/

I

R—— T/m?rl
and formal smoothness to lift u, to ups1 : S = T /m?+1 we obtain a morphism
u:S - linn T/m}. 2 T. We have to show this is an isomorphism.

By a result from Lecture 5, for surjectivity it suffices to show that the induced
map F — T/mgT is surjective and that T is mgT-adically complete. In other
words, we have to show that mgT = mp. We know mgT c mp because u is a
morphism in C. For the opposite inclusion we note that

X; = u(z;) modulo m#% + mpT
Since mp7T is contained in the image of u we can actually write

X = u(z; 1) modulo m2T
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for some x;1 € mg. Since m?p is generated over R by the X;Xj’s we can write
X; = u(z;2) modulo m%

Inducting and using completeness gives X; e mgT.

For injectivity choose y; € S so that u(y;) = X; (we can do this by surjectivity).
Then u : S — T has an R-linear section 7" — S sending X; onto y;. This finishes
the proof. O

Corollary 31.5. If R represents D7 and H?(G,End(p)) =0 then
% > W(F)[[Xy,..., Xn]]

Also n = dimp D3 (F[e]).

Here is another application of formal smoothness.
Lemma 31.6. Suppose that p: G - GL,(F) has D; representable by R;. Then

RZ = Rp[[X1,. .., Xp2dim 10(G,End(5)) ]
Proof. First, lets show R = Rp[[Xy,...,X]] for some m. By the above it
suffices to show that the morphism of functors
is formally smooth. Let A - B be a surjective morphism in C°. We have to show
D3 (A) = Ds(A) xp () D5 (B)

is surjective. An element in the target corresponds to p4 : G — GL,(A) and
pB: G - GL,(B) so that if p4 p is the composite of p4 with GL,(A) - GL,(B)
then Ypa pY -1 = pp for some Y € 1+ Mat(mp). Since A - B is surjective so is
my — mp. Therefore we can choose Y € 1+ Mat(my). Set p=YpsY e DZ(A).
Then p is mapped onto ([pa], pB)-

To show that m = n? we examine the proof of Proposition 31.4. If m and m®
are the maximal ideals of R; and R% respectively then the proof shows that

m = dimp m®/(m™? + mR5)

Thus it is dimension of the cokernel of the map m/m? — m®/m™2. Recall
Hom(m/m? F) = D5(k[e]) and likewise for framed deformations. Therefore m
is also the kernel of the map

D7 (F[e]) - D5(n)
Recall also that this can be described as the quotient
Z'(G,End(p)) ~ H'(G,End(p))

whose kernel is precisely the set of coboundaries B*(G,End(p)), i.e. the set of
f:G - Mat(F) with f(g) =p(9)X — Xp(g). Thus, we have an exact sequence

0 - H°(G,End(p)) = Mat,.,(F - B (G,End(p)) - 0
and so m =n? — dim H°(G, End(p)). O
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Note, we only know D5 is representable when HY(G,End(p)) = 0 so in basically
all cases one has RS = Rp[[X1,..., Xp2]].

Lecture 16
32. KRULL DIMENSION AND REGULAR LOCAL RINGS

Definition 32.1. Let R be a Noetherian ring. We say that a chain of prime
ideals

PoEP1LE-- - &EPn
in R has length n and define the Krull dimension Krull(R) of R to be the supre-
mum of the lengths of all such chains of prime ideals.

Example 32.2. The Krull dimension of W(F)[[X1,...,X,]] =n+1. One ex-
ample of a maximal length chain of ideals is

(O)C(p)c(anl) C"'C(p7X17"-7Xn)

Example 32.3. If Krull(R) = 0 then every prime ideal is maximal. Thus, di-
mension zero rings are the same as Artinian rings.

We are most interested in the case where R is a complete local ring with finite
residue field F. We have previously seen that if x1,...,x, € mg have images
generating mR/m% then the map

sending X; — x; is surjective and induces an isomorphism

(X1, X, p) [ (X1y -, X p)? 2 mp/(mF)
of n + 1-dimensional F-vector spaces. Directly from the definition we see that
Krull(R) < Krull(W(F)[[X1,...,Xp]]) =n+1
Thus
Krull(R) < dimp Hom(mpg/(m%),F)
Example 32.4. Here are some examples where you don’t have equality:

o Let R=F[[z,y]]/(xy). Then Krull(R) =1 (because R is completed local
ring at the intersection of two lines) but mgr/mpg is generated over F by
the images of z and y, and hence is two dimensional.

e Let R=TF[x]/z". Then Krull(R) = 0 because R is Artinian and so every
prime ideal is maximal. However mR/m% is generated by the image of x
and is one-dimensional.

The more general assertion is that

Theorem 32.5. Let R be a ring and suppose that x1,...,x. € R and that P is

minimal amongst all prime ideals in R containing x1,...,x.. Then the maximal
length of a chain of prime ideals
pog...cpp=P
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This also gives (for more general rings R ) that Krull(R) is less than the
dimension mp /m%% because if z1,. .., z, have images generating mp /m%% then there
can be no prime ideal (z1,...,z,) c P ¢ mg.

Definition 32.6. Let R be a Noetherian local ring. Then R is a regular local
ring if the inequality Krull(R) < dimp mR/m% is an equality.

Proposition 32.7. Let R — S be a morphism in C. Then the following are
equivalent

(1) S is a flat R-algebra and R/mgR is a regular local F-algebra.
(2) R— S is formally smooth.

Proof. See Tag 07TNQ on the stacks project. O

Remark 32.8. We point out that in this theorem it is significant that the residue
field of R and S is perfect.

In particular this gives another way to deduce that a complete local Noetherian
ring R with residue field F is isomorphic to W (F)[[ X1, ..., X,]]. One has to show
that R is W(F)-flat (since W (IF) is a discrete valuation ring this is the same as
proving it is p-torsionfree) and that R/pR is a regular local ring, i.e. that

Krull(R/pR) = dimg(mg, p)/(mg, p)*
If R is p-torsion free then Krull(R/pR) = Krull R - 1. In particular, this gives:
Corollary 32.9. Let R% represent D%. Suppose that
n = dimg D5 (F[e]) = Krull R - 1
Then RS 2 W(F)[[X1,.. .. X,]].
Exercise 32.10. Prove the claim that if R is p-torsionfree then Krull(R/pR) =
Krull(R) - 1.

33. LOWER BOUNDS ON DIMENSIONS OF DEFORMATION RINGS

We've seen that the dimension of H'(Gx,End(p)) or Z'(Gx,End(p)) gives
upper bounds on the dimensions of R; and R%. The goal here is to give the
following lower bound:

Proposition 33.1. Assume p: G - GL4(IF) is continuous and G satisfies the
p-finiteness hypothesis.

Krull(R2/pR2) > d’~dim H°(G, End(p))+dim H' (G, End(p))-dim H*(G, End(p))
Proof. Set R = R%.

First recall that the kernel of Z'(G,End(p)) - H'(G,End(p)) consists of
coboundaries B'(G,End(p)) and there is an exact sequence

0~ H°(G,End(p)) - End(p) -~ B'(G,End(p)) ~ 0
Thus
n :=dimmp/(m% + pR) = d* — diim H°(G, End(p)) + dim H'(G, End(5))
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Therefore we can find an exact sequence
0-J—F=F[[Xy,....X,]] > R=R/pR—~0

. . . . 2 _ )
which induces an isomorphism mz/m% = mp/mp.

Lemma 33.2. Krull(R) >n - dim Hom(J/mgJ,F)

Proof. This follows by applying Theorem ?? with to elements z, ..., x, € J whose
images form a basis of J/mpgJ. Then there can be no prime ideals (z1,...,2,) C
P ¢ @ c J and so the maximal length of a chain of primes contained in J is at
most dim Hom(J/mypJ, F).

Since n = Krull(F) equals the sum of Krull R and the maximal length of a
chain of primes in J we have the claimed inequality (this uses that F' satisfies a
condition called being catenary). O

We have to prove that dim Hom(J/mgpJ,F) < dim H?(G,Endp). To do this
set pp 1 G > GL,(R) equal to p"V ®z R. Thus, p, is universal amongst all
deformations to A € C with pA = 0. A slight variant of the construction from
before of obstruction classes produces

c(pp) : [(9,1) = P9l Pp(h) ' Bp(9) ™ — 1] € H*(G. End(p) ® JfmpJ)

for some set-theoretic lift p, : G - GL,,(F/mpJ) of p,. Just as before, this class
is independent of the choice of p,. Then we obtain a map

Hom(J/mpJ,F) - H*(G,End(p))
which sends f onto the image of ¢(pp) under the induced homomorphism
H*(G,End(p) ® J/mpJ) - H*(G,End(p))

Concretely
fel(g,h) = f (Po(gh)pp () Bp(9) ™ = 1)]
If we can show this map is injective then we will be done.

Suppose f € Hom(J/mpJ,F) is non-zero. To any such f we can produce a
quotient A of F/mpJ by setting A = F//(mpJ + ker f). Then we have an exact
sequence

0>I->A—->R-0

where I 2im f = F. In particular, this is a small extension and the image of f in
H?(G,End(p)) is precisely the obstruction class associated to this small extension
and p,. If f is mapped onto zero then this obstruction class vanishes and so
there exists a lift of p, to pa € D%(A). By universality, such a p4 corresponds

to homomorphism R — A and so a homomorphism R — A (since pA = 0). This
homomorphism produces a splitting of the exact sequence
0-I->A->R-0

However, since A — R is an isomorphism on tangent spaces this is impossible
(it would imply that I = 0). We conclude that the kernel of Hom(J/mpJ,F) —
H?(G,End(p)) is zero which finishes the proof. O
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Corollary 33.3. Suppose that H'(G,End(p)) =F. Then
H'(G,End(p)) > Krull(R;/pR;) > dim H' (G, End(p)) - dim H*(G, End(p))
Combining these results with Tate’s Euler characteristic formula gives:

Proposition 33.4. Suppose G = Gk for K/Q), a finite extension and suppose F
has characteristic [. Then

(1) If I # p then
Krull(R3/pRY) > d*
and if H*(Gg,End(p)) =F then
Krull(Rz/pR5) 2 0
(2) If l = p then
Krull(RS/pRY) > d* + [K : Qp]d”
and if H(G,End(p)) =F then
Krull(Ry/pRp) 2 [K : Qpld”
There is also the following conjecture:
Conjecture 33.5. Suppose p: G - GL,(F) is absolutely irreducible. Then
Krull(R5/pR5) = dim H' (G, End(p)) - dim H*(G,End(p))

34. RELATION TO LEOPOLDT’S CONJECTURE

We’ll finish by explaining how the previous conjecture can be thought of as
a generalisation of Leopoldt’s conjecture. More precisely, we’ll explain how this
conjecture is equivalent to Leopoldt’s conjecture when G is the Galois group of
a number field and p is 1-dimensional.

First suppose that G = Gk s where K is a finite extension of Q and S is a finite
set of places of K. Assume that S contains all the infinite places of K and all
places above p = charF. Set S, c S the set of infinite places. In this case one has
a global version of the Euler characteristic formula: for any discrete G-module
M

Card H*(G, M) Card H*(G, M) 1 .
Card H'(G, M) ~ (Card M)[KQ] Ug[w Card H'(Gk,, M)

Note here K, is either R or C depending on whether v is a real or complex place.
Thus G, is has at most two elements. Taking M = End(p) gives

—dim H°(G, End(p)) + dim H' (G, End(p)) - dim H*(G, End(p))
= Y dim H(Gk,,End(p)) - [K : Q]d*

V€So0



DEFORMATION THEORY OF GALOIS REPRESENTATIONS NOTES 69

Now suppose that p is the trivial character. Then combining the global Euler
characteristic formula with the lower bound from the previous section implies

that
Krull(Rs/pR5) > 1+ [K : Q] - > dimHom(Gk,,F)

V€S0
= 1 + Card({number of complex places of K})
Here we use that [ K : Q] equals the sum of the number of real places and twice the
number of complex places. On the other hand, we know that R; = W(F)[[G’I)%ag 1]

for G’;&?‘SD the maximal pro-p quotient of GE}RS. Therefore, the dimension of R;

equals the rank of GT;%&E as a Zp-module and so

Krull(R;) = dim Hom(G%*2, )
One formulation of Leopoltd’s conjecture is

Conjecture 34.1. The Zy-rank of G%ag equals 1+ the number of complex places
of K.

In particular, the conjecture regarding the dimension of Rj; is equivalent to
Leopoltd’s conjecture in this particular case.

Lecture 17
35. CLOSED LOCI IN DEFORMATION RINGS

For many applications one is not interested in all deformations but only those
which satisfy certain specific conditions. If these specific conditions are chosen
well then one is able to construct a closed subspace of Spec R% or Spec &5 which
classifies deformations for which these conditions hold.

Definition 35.1. Fix a profinite group G and let Q be a property of continuous
representations p : G - GL,(A) for A € C°. We say that Q is a deformation
problem inside D%‘ if the following conditions are satisfied:

(1) p has property Q.

(2) If A - B is a morphism in C° and p € Dg(A) has property Q then also

the image of p in D7 (B) has Q.
(3) Let
Axc B

S,
N

be a fibre product in C° and let p € D%(A xc B) with images pa € D%(A)
and pp € Dg(B). Then p has property Q if and only if p4 and pp have
property Q.
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Note that condition (2) implies that the rule
o .0
Dng . C g Set

given by
A {peD5(A) with property Q}

is a subfunctor of D%.

Definition 35.2. Let D : C® - Set be a subfunctor of Dg. We say that D is a
closed subfunctor if D is representable by an object in C.

The following lemma indicates why we call such subfunctors closed:

Lemma 35.3. If D c Dg is a closed subfunctor represented by R € C then the
natural map R% — R s surjective.

Proof. The map Rg — R corresponds to the morphism of functors D — Dg. We

have to show that if R’ equals the image of this map then R’ = R. This will

follow if the representing object p5"" € D(R) factors through GL, (R'). But this
univ

is clear since pp)"V is obtained by applying R% — R to the representing object
puniv € D%(Rg) O

In other words, Spec R — Spec R% is a closed immersion.

Proposition 35.4. A subfunctor D — D%' is closed if and only if D = D%'Q for
some deformation condition.

Proof. If D is a closed subfunctor then say that p : G - GL,(A) has property

Qp if pe D(A). Then D=D7, .

Exercise 35.5. Show that if D is representable then Qp is a deformation con-
dition.

For the other direction suppose that Q is a deformation condition. Then
representability of D%’Q follows immediately from Schlessinger’s criterion (or
Grothendieck’s representability theorem). This is because condition (3) ensures
that the maps

D%Q(Al XA Ag) — D%,Q(Al) XD%,Q(A) DﬁD,Q(A2)

are bijective or surjective precisely when they are when D%Q is replaced by Dg.
l

Finally, note that if D5 is representable then one can replace D%‘ by D5 in all
the above results and definitions.
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36. EXAMPLES: FIXED DETERMINANT

One example of a deformation condition is to fix the determinant of the defor-
mations. One motivation for this construction comes from the use of deformation
theory to study the representations of Galois groups associated to elliptic curves.
One knows that (due to the Weil pairing) the determinant of any such represen-
tation is the cyclotomic character.

Construction 36.1. Fix a continuous character
§:G - W(F)”
and define
D%‘,det:ci(A) c D%(A)
as the subset consisting of p for which det p equals the character G o W(F)* -
AX.
Lemma 36.2. Assume that p € D%det:(;. Then D%det:(; defines a deformation

condition n Dg .

Proof. Conditions (1) and (2) are immediately satisfied so we have to show that
p:G — GL, (A x B) has determinant ¢ if and only if the corresponding represen-
tations p4 : G - GL,(A) and pp : G - GL,(B) have determinant 6. The only

det
if direction is immediate since det p4 is the composite G — (Axc B)* - A~
(and likewise for B). For the if direction we observe that

det p(g) = (det pa(g),det pp(g)) = (3(g9),0(9))
O

Note that for any subfunctor D c D%] we get an inclusion on tangent spaces:
D(F[e]) c DF(F[e]) = Z' (G, End(p))

In some cases it is also possible to give cohomological interpretations of these
subspaces. For example:

Proposition 36.3. Let End’(p) c End(p) be the subspace consisting of trace
zero matrices and write

Z1(G,End’(p)) = {f € Z'(G,End(p)) | f(9)p(9)"" € End’(p)}
. Then
DS i< (F€]) = Z'(G, End’(p))

Proof. Recall that the identification
Z'(G,End(p)) - DS(F[e])
sends f onto the deformation

pr:g+p(g)+ef(g)
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We therefore just need to show that det ps(g) = 6(g) if and only if f(g)p(g)~!
has trace zero. But we can write

det ps(g) = det p(g) det(1 +€ep(g) " f(g))

so we just need to show that det(1+ ¢p(g)~1f(g)) = 1. But for any matrix one
has

det(1+€A)=1+Tr(A)
To see this just write 1+ 4 = (a;;) so that the determinant is -, sign(o) [1; @; »(;))-
Note the only non-zero product occurs when o (i) =i for all  and so

det(l + EA) = ﬁ Q4 = 1+ TI"(A)
i=1
Thus det py = 6 if and only if Tr(p(g) ™ f(9)) = Tr(f(g)p(g)™") = 0. O

If we instead consider the case of unframed deformations we find

Corollary 36.4. One has
Dp aet=5(F[€]) = Im (H' (G, End"(p) - H' (G, End(p)))

Proof. Recall that under the identifications Z!(G, End(p)) = DZ(F[e]) and H Y(G,End(p)) =
D5(F[e]) the map

D7 (Fle]) - D5(F[e])
sends f € Z'(G,End(p)) onto the class in H'(G,End(p)) of the function g ~
f(9)p(g)~"'. Thus, the image of Z'(G,End®(5)) under this map is precisely the
image of H'(G,End’(p)) » H'(G,End(p)). O

Exercise 36.5. Show that the map Im (Hl(G,EndO(ﬁ) - Hl(G,End(ﬁ))) is
injective when p does not divide n (here p: G - GL,(F)) but need not be when
p divides n.

We write R% detes for the ring representing D% det—s- Here is an explicit descrip-
tion of this ring:
Lemma 36.6.
%,detz& = R%/I
where I is the ideal generated by 6(g) — det p™(g) for p™V: G - GLn(R3) the
representing object.

Proof. We have to show that a map R% — A factors through R% /T if and only if
the composite

univ

pa: G — GL,(RY) - GL,(A)
is contained in Dﬁ'j7det:§(A). But this is clear because det p4(g) — d(g) equals the
image of §(g) - det p"™"(g) under RZ — A. O

Finally, we prove a result which shows that one can easily recover R% from
D .
Rp’ det=s and vice-versa.
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Proposition 36.7. One has
R% = Rﬁ,det:cS@W(IF)Rgetﬁ
Here the ® denotes the completed tensor product.

Proof. The morphism of functors
a) a) 0
Dp,det:& x Ddetp - Dﬁ
given by (p,x) = p® x is an equivalence. Therefore one just need to show that
Rﬁ,det:6®W(F)Rgetﬁ represents Dg detes X Dgetﬁ. This follows from the universal
property for the tensor product: for A € C° a morphism Rﬁ,det:(S@W(]F)Rgetp - A
getﬁ, which is the same thing as

a pair of morphisms of W (F)-algebras RZ ;.,_s > A and Rj . — A. O

is the same thing as a morphism R5 et-s W (F) R

37. EXAMPLES: ORDINARY DEFORMATIONS

In this section we consider only the case of two dimensional representations.
Then there is a notion of an ordinary Galois representation, which appears very
frequently when considering Galois representations associated to certain modular
forms and elliptic curves (though the precise definition often varies slightly). The
definition we will use is:

Definition 37.1. Let p : G > GL2(R) be a continuous homomorphism with
R € C and let I c¢ G be closed subgroup. We say that p is [-ordinary if the
submodule of I-fixed elements

plcp
(here we view p as R? equipped with an R-linear action of G) is R-free of rank
one and is a direct summand. Equivalently, if p/p’ is R-free of rank one.

Motivation 37.2 (For those who know something about modular forms). Here
is an example where ordinary Galois representations appear in “nature”. Let f
be a Hecke eigenform whose U),-eigenvalue has p-adic valuation 0 (i.e. is a p-adic
unit). Then the corresponding p-adic Galois representation

ps:Go,s ~ GL,(O)

(here S is some finite set of places containing p and O is the ring of integers in a
finite extension of Q) is ordinary at I, c Gq, c Gg,s-

Proposition 37.3. If p is I-ordinary then the condition of being I-ordinary is a
deformation condition on Dg.

Proof. Tt is easy to see that if p: G — GLy(A) is I-ordinary then so is its image
under a morphsim A - B in C° (since p being I-ordinary just means there exists

Y e GL2(A) so that p(g) = Y(1

0 :)Y for every g € I). Therefore, the main
thing is to check that if

piG—>GL2(A XcB)
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is such that p4 and pp are I-ordinary then p is I-ordinary. Since p4 and pp are
I-ordinary we can find I-invariant elements e4 € A% and e € B? which generate
a direct summand. The images of e4 and ep in C? must then generate the same
C-submodule and so, after possibly multiplying ep with a unit, we can assume
that e4 and e are equal in C?. Therefore

(ea,ep) € (A x¢ B)2

is an I-fixed element. It also generates a direct summand of (A x¢ B)? because
we can choose splittings of Aey — A% and Bep — B? which are equal after base-
change to C. Thus, we obtain a splitting of A xc B(e,ep) - (A xc B)2. O

Remark 37.4. As with Dj get=5 there is an explicit description of the I-ordinary
deformation ring R% ; as a quotient of Rg. For this suppose that

p(g) = ((1) :)
for g € I. Then R%’ [ = Rg /I for I the ideal generated by
a2 (g),a11(g) - 1, gel
for o (g) = (211 822).
Write Dg’ ; for the subfunctor of I-ordinary deformations. One can also produce
a cohomological description of the tangent space

D (F[e])
For this set End;(p) ¢ End(p) equal to the set of endomorphism which factor
through p/p! (in other words, are zero on p'). Define

Z'(G,End(p)) = {f € Z'(G.End(p)) | f(9) € End;(p) for g € I}
Lemma 37.5. Under the identification Z*(G,End(p)) = D%\(F[d) one has
Z(G,End(p)) = D5 ;(F[e])
Proof. This is obvious. O

38. EXAMPLES: CATEGORICAL DEFORMATION CONDITIONS

Several important deformation conditions (particularly those coming from p-
adic Hodge theory) can be described in the following way:

Definition 38.1. Let P be a full-subcategory of the category of finite length
W (F)-modules equipped with a continuous action of G. For A € C set

DSp(A)={pe DF(A)|peP}
(here we identify p with the module A™ with G-action induced by p).

Proposition 38.2. Suppose that P is closed under passage to subobjects, quo-
tients and finite direct sums. If p € P then Dgp is a deformation condition.
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Proof. Let A - B be a morphism in C° and suppose p € D%‘p(A). The first thing
to show is that the image pp € D%(B) is an object of P. To do this we factor
A - B through C so that

e (' is free as an A-module.

o (' — B is surjective.
One way to produce such a C' is to consider a surjection A[[X,...,X,]] - B
and take C' equal to a quotient of A[[X7,...,X,]] by a sufficiently large power
of its maximal ideal. Let po € Dg(C’) be the image of p. Since C is free as an

A-module we can identify

®rank 4 C
pc=p° A

as A-modules. Since P is closed under finite direct sums it follows that po € P.
Since C' — B is surjective it follows also that po — pp is a surjection of G-modules.
Since P is closed under quotients it follows that pp € P also.

We also need to prove that if p € D5 (Axc B) has images p4 and pp in D%’,P(A)
and D%7P(B ) respectively then p € P. To see this note that A x¢ B is a subring
of A® B and therefore

pcpaA®pB

Since P is closed under finite direct sums and subobjects we conclude p € P
also. ]

Lecture 18
39. CATEGORICAL DEFORMATION CONDITIONS (CONTINUED)

The most important example of a categorical deformation condition appears
when G' = Gi for K a finite extension of @, and F has characteristic p, i.e. in
the p-adic setting. In this case one takes P to be the full subcategory of flat
representations.

To explain what this means one considers a collection of objects called finite
flat group schemes. By definition these are affine group schemes over O whose
coordinate rings are finite and flat as an Og-algebra. One considers the abelian
category FFgs Ox of such group schemes which are also commutative and of order

a power of p. One can make the same construction with Ok replaced by K, and
in this case one has an (exact) equivalence of categories

Ffgs = {finite length Z,-modules equipped with a continuous G g-action}

given by Gx + G (K). One can then consider the composite

Ffgs ox Figs x> finite length Z,-modules equipped with a continuous G g-action

with the first arrow given by base-change G +— G xp,. K. It turns out that asking
for a finite flat group scheme over K to extend to Ok (i.e. arise by base-change
from one over Ok) is a strong condition and one says that a representation of
Gk on a finite length Z,-module is flat if it is contained in the essential image of
this composite of functors.
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Example 39.1. The reason why being flat is significant is because if E is an
elliptic curve over Ok then the Gg-representation E[p"]|(K) given by its p™-
torsion points is flat.

Proposition 39.2. The collection of flat deformations is a deformation condi-
tion. Thus, there ewists a quotient R%ﬂat of R% such that a morphism R% - A

with A € CO factors through R%,ﬂat if and only if p™Y ®R% A is flat.

Sketch of proof. Recall we just have to show that the category of flat G i-representation
is stable under subobjects, quotients, and finite direct sums. Let us just sketch
how one shows it is stable under subobjects. Stability under quotients is similar
and stability under direct sums is much easier. If V is flat then V = G(K) for a
finite flat group scheme G over Og. If V' c V is a subobject then V' = G§.(K)
for a subobject Gy ¢ G xp, K. Set G’ equal to the closure of G inside G. One
shows that this closure is again a group scheme (if it is then it is clearly an object
of %OK) and so V' is flat. O

40. EXAMPLE: GLOBAL DEFORMATION CONDITIONS AT EACH PRIME

Here let we consider a global situation. For simplicity we work over the ratio-
nal numbers and let G = Gg,g for S a finite set of rational primes. Particularly
for applications to modularity lifting theorems one often wants to consider defor-
mations of a p: Gg,g > GLy,(F) where one imposes conditions on the restriction
of deformations of p to the local Galois groups Gg, € Gg,s for all primes [ € S.

Motivation 40.1. Suppose one wants to study the Galois representation coming
from the Tate-module T'(E) := lim | E[p"](Q) of an elliptic curve E using defor-
mation theory. Usually one wants to make the corresponding deformation space
as small as possible by imposing as many conditions as possible which are satis-
fied by T(FE). Here one takes S the set containing the primes of bad reduction
of E and p; this ensures that T'(E) induces a representation of Gg g. Then one
knows

e for [ # p conditions on the action of Gg, c Gg,g on T'(F) in terms of the

conductor of E;
e that T'(E) is flat when viewed as a Gg,-representation.

Both of these points are deformation conditions (we’ve seen this for flatness con-
dition at p) so we would like to study deformations of the reduction modulo p of
T(FE) which satisfy these local properties.

Definition 40.2. Let p: Gg s - GL,(F) be continuous. Then a global defor-
mation problem @ is a collection of deformation problems OQ; for each [ € S. We

say a deformation p € D7(A) has Q if the composite Gg, ~ Gg,s 2 GL,(A) has
Q, for every [ € S.

Lemma 40.3. Any global deformation Q problem is a deformation problem in
the sense of Definition 35.1.
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Proof. This is easy. For example if p ¢ D7(A xp C) with images pa € D5(A)
and pp € D%‘(B) then p has property Q if and only if the restriction of p to G,
as property Q; for every [ € S. Since each Q; is a deformation condition this is
equivalent to the restrictions of p4 and pp having properties Q; for every [ € .S,
which is in turn equivalent to p4 and pp having property Q. O

Now suppose that End(p) = F so that we can drop the framing in the above
discussion.

Proposition 40.4. Let Q be a global deformation problem and write
Hg,(Gg,, End(p)) e H'(Gg,, End(p))

for the subspace determined by the tangent space D5 q,(F[€]). Then D o(F[e])
equals the “Selmer group” which is the preimage of

@H@Z(GQZ,EM@))

under the map H'(Gg,s, End(p)) - @5 H' (Gg,, End(p)) obtained as the direct
sum of restriction maps.

Proof. This is clear. O

41. LIFTING CRITERIA AND FLATNESS

Suppose one has a continuous representation p: G - GL, (). Let p = charF.
Then a natural question is whether there exists a lift of p to a representation
p: G - GL,(O) where O is the ring of integers in a finite extension of Q with
residue field F. Unsurprisingly, the answer to this question can be seen from the
deformation ring. One direction is easy:

Example 41.1. Suppose that Rg represents D% and that Rg is p-power torsion.
In other words assume that p”Rg =0 for some n > 1. Then there can be no lift
of p to p: G - GL,(O) with O is the ring of integers in a finite extension of Q
because any such lift would correspond to a homomorphism R% - O. If R% is
killed by p™ then any such homomorphism must be zero.

In fact, this is an if and only if.

Proposition 41.2. Let R be a complete local Noetherian ring with residue field
F. Then there exists a local homomorphism R — O inducing a non-zero map on
residue fields, with O the ring of integers in some finite extension of Q,, if and
only if R[%] £ 0.

First we prove two lemmas:

Lemma 41.3. Let R be a Noetherian domain and suppose R[%] is a field. Then
R has Krull dimension < 1.
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Proof. Since R[%] is a field every non-zero prime ideal contains f. Let p; be
the primes of A minimal non-zero prime ideals. It suffices to show these are all
maximal. If p; is not maximal choose a maximal ideal containing it m. Then
p; c m for any ¢ and so m is not contained in UJ; p; by Prime avoidance. Therefore,
there is g € m not contained in any p;.

Choose q a minimal prime containing g. Then Theorem 32.5 implies there is
no non-zero prime p c q. However, q # 0 so p; c q for some ¢. This is not an
equality because g € g but not in p;. This gives a contradiction. O

Corollary 41.4. Suppose that R is a local integral domain with pR + 0 and
residue field a finite extension of Fp. If R[%] is a field then R[%] s a finite
extension of Q, and R is contained in the ring of integers of this finite extension.
Proof. The previous lemma shows that R has Krull dimension < 1. Therefore
R/p has Krull dimension 0 and so is an Artin local ring with finite residue field.
In particular it is finite generated over Z, which shows that R is also finitely
generated over Z,. It follows that R[%] is finitely generated over QQ, and that R
is contained in the ring of integers of this finite extension. O
Proof of Proposition. Note that R[%] =0 implies p" R = 0 for some n > 1 so we’ve
just seen one direction. For the opposite direction, we can replace R by R/I
where I denotes the ideal of elements killed by some power of p. This means that

the map R — R[%] is an inclusion.

Choose a maximal ideal @ in R[%] and set P = QN R which is a prime ideal in
R. Since R[%]/Q = (R/P)[%], the previous corollary applied to R/P shows that
R/ P is contained in the ring of integers of the finite extension R[%] /Q of Q. If

O denotes this ring of integers then we obtain a homomorphism
R— R/P -0
and we are done. O

So roughly, a deformation ring being flat over Z,, (i.e. p-torsionfree) is roughly
the same as saying you can always construct lifts to characteristic zero. However,
you have to be a little careful here because certainly flatness is not as strong a
condition as being formally smooth. Here is technical result which makes this
slogan slightly more precise:

Proposition 41.5. Let R be a complete Noetherian local Zy,-algebra with finite

residue field. Assume that R is p-torsionfree and R[%] is reduced. For any ideal
I ¢ R containing p there exists a finite flat Zy-algebra C' such that R - R]I
factors through A - C.

Proof. We can assume that I = m% for some j > 1. The first thing we use is
that R[%] being reduced implies Np = 0 with the intersection running over all
maximal ideals in R[%]. This is the case in any reduced ring which is Jacobson
(which means that every prime ideal is the intersection of the maximal ideals
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containing it). It is a theorem (see Tag 02IM of the stacks project) that if A is a
Noetherian local ring then Spec A\ {m4} is a Jacobson scheme (i.e. every affine
open in this scheme is spec of a Jacobson ring). In particular R[%] is Jacobson
which proves our claim. It follows also that

N(pnR)=0

with the intersection running over maximal ideals in R[%].
We can refine this assertion slightly: let p1,ps,... be a sequence of distinct
maximal ideals in R[%]. Then we claim that
(pinR) =0

)

also. To see this one writes pn R =; (p NR+ mg%) so that
pnR) = ﬂ(meﬁLm{%)
p,n

However, for fixed n the collection of ideals of the form (p n R+m§%) contains
finitely many distinct elements. This shows that the previous intersection runs
over countably many distinct ideals. Hence we can choose an indexing as claimed.

If we set q; = NJ_; (p; N R) then these form a sequence of decreasing ideals in
A whose intersection is zero. A general result about complete Noetherian rings
implies that g, c m; for n >> 0. Hence R - R/mJ, factors through C = R/q,, for
n >> 0. Therefore, we just need to show that R/q, is finite flat over Z,. This
follows since there is an embedding

Rlqn— [1R/(pi N R)

i=1

with target finite and flat over Z, (by the corollary above).

Part 1. Lecture 20
42. SETUP FOR [-ADIC DEFORMATIONS

The main goal for the rest of the course is to carefully study the [-adic deforma-
tion theory of two dimensional representations of G for K/Q, a finite extension
with [ # p. For the we remind ourselves of the basic structure of this group and
fix some notation:

e Let Ix c Gk denote the inertia subgroup so that G /Ix = Z.

e Let Px c Gk denote the wild inertia subgroup. This is a pro-p-group
normal in G with I/ P = [1jr.p Zy

e Define Pk c I so that IK/ﬁK ~ 7; is the maximal pro-I quotient of Ix.
Thus ﬁK has order prime to [. Note also that ﬁK is normal in Gg.

We also fix a finite field F of characteristic [ # p and p: Gxg - GL,(F). Soon
we will take n = 2.
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43. REMOVING PRIME-TO-! RAMIFICATION

Our goal here is to reduce the calculation of R%‘ to the case where P Py 18 the
trivial representation.

To do this we first consider an F-representation of M of Py and evaluation
gives a map

?9®M9—>M, M9::H0m}5}<(0’M)

with the direct sum running over isomorphism classes of irreducible F-representations
of ﬁK. Since ]5}( has order prime to the characteristic of IF all such representations
are semi-simple and so this map is an isomorphism. In fact, a similar decompo-
sition applies when M is a representation of Pk on a finite W (F)-module.

Lemma 43.1. Suppose that 0 is an irreducible F-representation of Px. Then
there exists a continuous representation 0 : Px — GL, (W (F)) such that

’HV|}3K ~ 0 modulo |

Proof. This will follow if we can show that the deformation ring of 6 is a power
series ring over W (F). We know this follows if we can show H?(Px,End#) = 0.
This is the case because Py has order prime to [. In fact in this situation all high
cohomologies vanish. Here is a sketch of why this occurs: choose a presentation
P = l(iLnNi with N finite quotients of Pk acting trivially on End#. Then

H'(Pg,Endp) 2 lim H*(N;, End p)

so it suffices to show H(N, M) =0 for i >0 when N is a finite group of order n
and multiplication by n is injective on M. For this consider the restriction and
corestriction maps

res: H' (N, M) - H'({1},M) =0,  cores: H' ({1}, M) =0 H'(N, M)

Since res o cores equals multiplication by n it follows that res is injective and so
H'(N,M) =0. O

Remark 43.2. The lifting here is unique up to conjugation because H* (ﬁK, End @) =
0 and so the deformation ring is W(F)[[x1,...,2,2]] with the variable coming
from conjugation.

For each irreducible Pg-representation § choose agas in the lemma. If M is
any finite W (F)-module equipped with an action of Pk we have a map

?% My — M, My := HomﬁK(g, M)

which generalises the previous one. Note that these maps are compatible with
exact sequences in M. As M ~ Homp_ (6, M) is exact, since 0 is W (F)-free, the
fact this map is an isomorphism for [-torsion M implies that it is also for general
W (FF)-finite M by an inductive argument.
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Proposition 43.3. Now suppose M is a representation of Gk on a finite W (F)-
module. For each 0 as above set

Go={g9e¢Gx|gg" =6}
and choose a lift 8. Then 8 extends to a representation of Gy and there are
functorial (in M) isomorphisms
M =@ Indgx (6 @ My)
(0]
where the sum runs over G -conjugacy classes of 0. Here the Gg-action on My

is defined by (gf)(v) = gf(g7"v).

Proof. We leave the proof that 6 extends to a representation of Gy. See Lemma
2.4.11 of Clozel-Harris—Taylor “Automorphy of some [-adic lifts of automorphic
mod [ representations”.

Granting this extension for each 0, we see that the evaluation map 6@ My - M
is Gy-equivariant since

g- (v, f) = (gv,9- f) = gf (g7 gv) = 9f (v)
for g € Gy. Frobenius reciprocity therefore gives a G g-equivariant map

(43.4) P IndGx (0@ Mg) > M
(0]

We will be done if we can show that after restricting to Pk this is the map defined
above. For this note that Mackey’s theorem implies

Indg§(§® M9)|15‘;< = @ (§® Mg)g
9¢G i [Go

where the superscript ¢ indicates the g-conjugate representation. Since (5@
My)9 =09 ® Mys the source of can be written as

@ g@ My
0
as a Pg-representation, with the sum running isomorphism classes of ’s. One

then just has to check that under this identification (43) coincides with our pre-
vious map. O

VVe can use ‘hlS to say Somelhing about the (unframed) deformation funCtOI‘
_D*:
14

Corollary 43.5. Suppose A €C. Then the map
p = (po)io)

defines a bijection between D5(A) and tuples of deformations of the Gg-representations

Py as 0 runs over G -conjugacy classes of irreducible Py -representations.

Proof. If A is Artinian this follows from the previous proposition and the case of
general A follows my a limit argument. O
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In other words, we have an isomorphism of functors
D5 = H D Po
(0]
If each of these functors is representable then it follows that
Rp = ®[9]Rﬁe
Furthermore, if p‘emiv is the universal object representing Dz, then

puniv _ @Indg;{ (5@ plemiV)
(6]

represents D5. Note this reduced the problem of computing deformations to the

case where the action of P acts as the identity. We need an extra argument to
upgrade this to an isomorphism of framed deformation rings (this comes down to
keeping track of choices of bases).

Proposition 43.6. One has

R2 = (R B2, ) (X1, X ooy 2]
where ng = dim 6.

Proof. Let p™ be the representing object of D%. The above gives that
puniv ~ @Indgf (’é’® ptemiv)
(0]

and so, after restricting to P, we have PV = @, f® p}j“iv (0 here running over
isomorphism classes rather than Gi-conjugacy classes). Therefore we can write

univ
Oe,

0 as
puniv ~Y ()92 § Y71
Oa,

for some Y € 1+ Mat(my). The 6’th block gives a choice of basis on 0 ® PV,
Replacing Y if necessary we can assume this choice of basis comes from the tensor
product of a choice of basis on § and one on pgni".

Note that p'é‘ni" is an unframed deformation of py but the choice we just made

allows us to upgrade it into a framed deformation. Thus, we obtain a morphism

o) i |

oy 5, > 15
and we want to show this is formally smooth. In other words, if we have a
commutative diagram

—_

By, —

£ :

—
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with A - B in C° then we can construct an arrow R% - A making the diagram
comimute.

The right horizontal arrow corresponds to a framed deformation pp of p to B.
The left horizontal arrow corresponds to a tuple of framed deformations (pg) to
A from this we produce an unframed deformation

pa =B Indgk (Fo py)
(0]

of p lifts pp. Lifting the choice of basis on pp we can make this into framed
deformation which produces a map R% — A making the bottom triangle in the
square commute. Note that the top triangle may not commute because our lift of
the basis on pp to p4 need not be compatible with the framings on py determined
by the map ®[9]R%9 - A.

Exercise 43.7. Using that the whole square commutes show that one can make
such a choice of lift of bases so that the top triangle commutes.

The formal smoothness implies that R% = (®[9]R%‘9) [[X1,...,Xn]] for some

N. To show that N =n? - an we look at the dimensions of the mod p tangent
spaces. The mod p tangent space of the source has dimension

dimp D5(F[€]) +n® - dim H (G, End(p))
while that of the target is
N+ 3" (dimp D, (F[e]) + nj — dim H(G k., End(7y)))
(0]

So we just need to show that 3 g dim H(Gx,End(py)) = dim H*(Gg,End(p)).
But this is clear from the definition of pj. O

44. FIRST APPLICATION

Now assume n = 2 and that p| Py 18 irreducible. Call this irreducible represen-
tation . Then py is one dimensional and the previous proposition gives that

% = Rgg[[Xl,XQ,Xg]]

Since every G'i conjugate of § must be an irreducible factor of Pp, we know that
any such conjugate is isomorphic to . Hence Gy = Gi. Thus, we’ve just reduced
everything to the calculation of a one-dimensional deformation ring. We know
such a ring is isomorphic to

WX, YL+ X)" -1)
where a denotes the [-adic valuation of Card(k*). Therefore:

Proposition 44.1. If '5|?K 1s irreducible then
RS = W(F)[[ X1, X2, X3, X4, Y]]/(1+Y)" - 1)

univ univ

The universal deformation is equal to 0o X is the universal de-

formation of py.

where x
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Lecture 21

In this lecture the set-up is the same as that in the previous one. Thus K/Q,
is a finite extension with residue field k£ and F is a finite field of characteristic
[ # p with [ > 2. We have fixed a continuous representation p: Gx — GL,(F) and
for today we consider only the case n — 2.

Recall that Pg denotes the prime-to-l part of I

45. NON-TRIVIAL PRIME TO [-INERTIA

We previously treated the case where p P, Was irreducible. The other possi-
bility is that p| P 2 01 ® 65. Recall that Proposition 43.3 ensures each 6; lifts

to W (IF)-valued characters 0; and that each 6; extends to a character of G,
which is defined as the stabiliser of 6; under the action of Gi on the irreducible
constituents of p|, .

Let us first consider the case 61 £ 65. Then there are two cases:

e 01 and 07 are not G g-conjugate. Then Gy, = Gk and so each 51 extends
to characters of Gg. Then Proposition 43.6 implies that

RZ = (Ry @Ry, ) [[Z1, Z2]]

e 01 and 6, are conjugate and Gy = G, for L/K a degree two extension.
Since [ > 2 and ij c (G;, we must have that Ix c Gy. In other words,
L/K is the degree 2 unramified extension and @vz both extend to Gy,. In
this case Proposition 43.6 implies

R% = R%e [[Zl, Za, Zd]]
where pg = HomﬁK(Gl,ﬁ) is the one-dimensional Gr-representation.

Corollary 45.1. (1) If 01 and 09 are not conjugate then
D 2 W(F)[[X1, Y1, X2, Y2, Z1, Zo]]/((1+ Y1) =1, (1+Y2)" 1)
for a equal to the l-adic valuation of k* (recall k is the residue field of
(2) If 61 and 02 are conjugate then
RS = W(F)[[X.Y, Z1, Z2, Z3]1/ (1 + V)V ~1)

for b equal the l-adic valuation of I* for l/k the degree two extension.

46. CASE OF TRIVIAL PRIME TO [-INERTIA

The only remaining possibility is that 8; = 83 = 6. In this case we have Gy = G
so 0 extends to a character of G . Using the isomorphism

O ~ m}
Rﬁ = e0-1

we may assume that 0 is the trivial character and so pj Py 18 trivial. Proposi-
tion 43.3 shows that the same will be true for any deformation of p. This reduces
us to a computation of deformation rings for the group Tk := Gx/Pxk. As we've
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seen previously this group has an explicit presentation: it fits into a split exact
sequence

O—>Zl—>TK—>Z—>O

and the quotient Z acts on Z; via conjugation by the l-adic cyclotomic character.
Thus, if ¢ € Z is the topological generator corresponding to arithmetic Frobenius
and o € Z; is a choice of topological generator then Tk is generated by o and ¢
with the single relation

b0 = o

for ¢ equal the cardinality of k. By abuse of notation we write I c Tk for the
subgroup generated by o.

Remark 46.1. This explicit presentation allows us to immediately give a descrip-
tion of Rg in this case: let M denote the affine scheme over Z classifying 2 x 2-
invertible matrices A and B which satisfy

ABA™! = B¢

Then p corresponds to an F-valued point of M and R% is the completion of the
coordinate ring of M at the corresponding maximal ideal.

Lemma 46.2. Let p be a two-dimensional F-representation of Tx. Then p fits
mto an exact sequence

O->x1—>p—=>x2—0
for x1,x2 unramified characters (i.e. characters with x;(c) =1).

Proof. Since Ix c Ty, is an l-group there is a fixed vector v € p|7,.. From the
identity ¢pod~! = 09 we have

p(o)p(¢~ v =p(¢ v

so p(¢~1)v is also a fixed vector of p|r,.. Therefore, either p|r, is trivial or Tk
stabilises the line generated by v. The lemma follows in either case. O

This lemma shows that (after possibly conjugating p) we can write

-y 1) 70-(5

for some Z,7 € F and @, § € F*.

Lemma 46.3. Suppose AeC and p € D%(A). If @ # B then there exists a unique
({+¥)eGL2(A) such that

-1
(i) o )

with ¥ diagonal.
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Proof. The characteristic polynomial of p(¢) lifts (X - @)(X - 3) and so by
Hensel’s lemma, has two roots in A. Each of these roots is invertible in A and, since
@ # 3, their difference is also invertible. As a consequence there are eigenvectors
Va, Vg € p for p(¢) forming a basis.

Let e1,es denote the standard basis on p. Then, scaling if necessary, we have
Vo = €1 + Xeg and vg = Ye; + e for unique X,Y. This gives the lemma. O

€{1,q}.

Proof. We will have p(o) =1 if the sequence 0 - x1 = p = x2 — 0 splits. In other
words if the class of this extension in the Yoneda extension group Ext!(x2,x1)
is zero. Since

Lemma 46.4. p(o) =1 unless

=Rl

Ext' (2, x1) = H'(Tx,Hom(x2, x1))

and Hom(x2, x1) & x1/x2 it suffices to show H'(Gx,x1/x2) =0 when @/f # 1, 4.
Using Tate’s local Euler characteristic formula we have

dim H'(Gk,x1/x2) = dim H* (G, x1/x2) + dim H* (G, x1/x2)

Since x1/x2 is the unramified character sending ¢ onto @/ the H° vanishes
except when @/f = 1. Tate’s local duality theorem says that H2(G g, x1/x2) &
H(G K> Xeyex2/X1) for xeye the mod [ cyclotomic character. Since this is the
unramified character sending ¢ onto qﬁ/a it follows that the H? is zero except

when @/f = q. O
Corollary 46.5. Suppose that % ¢{1,q}. Then

52 W(H)[[A,B,P.Q, X, Y]I/(1+P)" -1,(1+Q)" -1)

and p™V (o) is diagonal with eigenvalues 1+ P and 1+ Q.

Proof. For any A € C and any p € D%(A) the above implies there are uniquely
determined X,Y, A, B € m4 so that

o 1) (306

for fixed lifts o, B to W(F) of @, 5. We also have that P,Q, R, S € m4 such that

1 x\'(1+P R \(1 x\
"(U):(Y 1) (S 1+Q)(Y 1) )

The relation ¢po¢~! = o7 implies

a+Ad 0 \(1+P R \fa+Ad 0\ (1+P R )
0 pB+B S 1+Q 0 pB+B)] "\ S 1+Q
Exercise 46.6. Looking at the off diagonal entries in this identity show that

R =5 =0. Looking at the diagonal entries deduce that (1 + P)? = (1 + P) and
that (1+ Q)9 = (1+Q), and therefore that (1+ P)" =1 and (1+Q)" =1.
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Conversely, given X,Y, A, B, P,Q the given formula for p(c) and p(¢) define
a deformation of p. This proves that Rg is as claimed. O

One can also address some situations where @/j3 € {1, q}. For example:

Proposition 46.7. (1) Suppose that
_ 3 _ (1 ¥y
p(U) - 17 P(w) - (0 1)

If %1 modulo I then RS =~ W(F)[[P,Q, R, S]].
(2) Suppose that

ﬁ(a)=(é f) m:(g ?)

If ¢ £ £1 modulo | then either
(a) T#0 and RZ is formally smooth over W (F).

(b) z =0 and R% = W(F)[[Xl, - ,X5]]/(X1X2)
Proof. First, lets do (1). Write

umV 1+A B umv 1+P y+R
@-("e" ) @-("s" 118)

for some y € W(F) lifting y. Set I = (A, B,C,D) and consider the equation
P (D) p™V (o) = P (o)™ (¢) modulo the ideal Im. Looking at the four
entries gives four congruences
yC=(q-1)A, B+ Dy=qAy+qB
C=qC, (q-1)D +qCy
all modulo Im. Since ¢ # 1 it follows that I ¢ Im and Nakayama’s lemma
therefore implies I = 0. We conclude that p"™V is unramified and so RZ =

W(F)([P,Q. R, S]], ’

Part (2) is similar. Since ¢ # 1 we can write

v 1 X\ '(1+4 z+B\(1 X i 1 X (1+P) 1 X
P (U):(Y 1) (g 1ID)(Y 1)’ (¢) = ( 1) (q ' 1+Q)(Y 1

for x € W(F) a lift of 7. A similar argument as before with I = (A,C, D) and
using that qQ # 1 shows that A =C'= D =0. Then looking directly at the identity
P (D) p™V (o) = p"™ (o)™ (¢) (not modulo any ideal) one finds that

(z+B)(P-Q)=0

We therefore obtain a surjective map W(F)[[B, P,Q, X,Y]]/((z - B)(P-Q)) ~
R5. One check that the above formula’s for P (g) and p"V(1)) define a rep-

resentatlon on W(F)[[B,P,Q,X,Y]]/((x - B)(P -@Q)) and so this map is an
isomorphism. If  # 0 then we must have P = Q) and so

S =2 W(F)[[X1,..., X4]]

)
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If =0 then
% *W(F)[[B,P,U,X,Y]]/(BU)

where we've set U = P — Q. U

The remaining cases are more complicated so we won’t give direct calculations
in these cases.
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Lecture 22
47. REDUCTION MODULO p

The goal here is to describe some basic results around the process of “reducing”
a representation p : G - GL,,(E) modulo p for E a finite extension of Q, and G a
profinite group. Write V for representation of G' on the vector space E™ induced

by p.

Definition 47.1. Let O denote the ring of integers inside E. A lattice T c V is
an O-submodule of V' such that the following equivalent conditions hold:

(1) T is finitely generated over O and T generates V over E.

(2) T is finitely generated over O and the map T®o K — V given by t®x — xt
is an isomorphism.

(3) T is a free O-module of rank d.

The equivalence of these three conditions comes down to the observation that
T ®p K — V is injective for any O-submodule T' c V. Indeed, if Y v;t; = 0 for
v; € K and t; € T then choose n so that 7"v; € O for all n with m € K a uniformiser.
One has

Zti ®U; = Zti ® (ani)ﬂ'in = Z ((tiﬂ"vi) ® 7['7”) = (Ztiﬂ'nvi) ®n " =0
Lemma 47.2. If 1,15 cV are lattices then so is T1 + Tb.
Proof. This is clear from condition (1) in the above definition. O

Lemma 47.3. There always exists a lattice T' c V such that T is stable under
the action of G. Equivalently, there evists K € GL,(E) such that Kp(g)K™! €
GL,,(O) for every g € G.

Proof. Choose a lattice 7" ¢ V (for example take O™ ¢ E™). Then H = {g €
G | gT c T} is an open subgroup of G (because GL,(0O) c GL,(FE) is an open
subgroup). Thus, G/H is finite and so we can consider

T= Z gT
geG/H
which is again a lattice in V' and which is stable under the action of G. O

This gives us a way of reducing p modulo p. We can choose a stable lattice
T c V and define the reduction modulo p as T ® F (here F is the residue field
of ©). Equivalently, choose K so that Kp(g)K™! € GL,(O) and define the
p:G - GL,(F) by sending g onto the image of Kp(g)K ™" under

GL,(O) - GLn(F)

Of course this definition has a problem because the may be many different choices
of stable lattice in V' (equivalently there may be many different K’s such that
Kp(g)K~ € GL,(O) for all g € G. Here is one situation where this is not a
problem:
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Lemma 47.4. Suppose that for some choice of stable lattice T c V' the repre-
sentation T ®p F is irreducible. Then any other stable lattice T' c 'V is a scalar
multiple of T (i.e. T' = xT for some x € K). In particular, T ®o F 2T'®0 F so
the reduction modulo p is well defined.

Proof. Let T' be another stable lattice. Replacing 7" by n"T" for n sufficiently
large we can suppose that 7 ¢ T. If T' # T then the image of the map

T - TxoF
is a proper stable subspace inside T'®» F and so, since T' ® F is assumed irre-
ducible, must be zero. Therefore either 7/ =T or T" ¢ 7T for 7 € E a uniformiser,
and so 7 !7" c T. In the second case, repeating the argument shows that either
71T =T or 721" ¢ T. Continuing in this way we deduce that either 777" =T
for some n >0 or 7T c T for every n > 0. The second possibility is impossible
so T" is a scaler multiple of 7. O

On the other hand, things can go wrong when T'® F is not irreducible.

Example 47.5. Consider a representation p: G - GL2(O) with
_[x(9) ©

for x a character. Write T = O? for the corresponding representation. Now
suppose that y =1 modulo 7. Then for K = ((1) Wil ) we have

K7 p(g)K = (Xg) ™o - 1)) ¢ GL(0)

for every g € G. This K corresponds to another choice of stable lattice T" inside
V= T[%]. If x # 1 modulo 7% then 7" ®p F and T ®o F are not isomorphic
(because one is trivial and one is not).

48. COHOMOLOGICAL INTERPRETATION OF THE PREVIOUS EXAMPLE

The goal here is to give an idea of how you could come up with the previous
example by thinking in terms of cohomology. For this we need to think about
cohomology groups H(G, V') for V a representation of G on either an E-vector
space or a finitely generated (but not necessarily set-finite) O-module. Note the
usual set-up for group cohomology does not apply here since such V are not
discrete G-modules. To fix this we make a “naive” definition by setting

Hgont(G’ V) = VG
and
H! .(G,V) = {continuous 1-cocycles G — V}/{1-coboundaries}
We need the following properties of these groups:

(1) If0 - Vi =V - V5 - 0 is an exact sequence then there is the usual
associated long exact sequence

0- HG, V1) » H(G,V) - H(G,V») » H'(G,V1) - H'(G,V) » H'(G,V»)
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(2) Assume V' is a finitely generated O-module. Then the obvious map
HY(G,V) - HY(G,V ®p F) induces an identification H'(G,V) ®o F =
HY(G,V ®p F) and likewise with F replaced by E.

(3) Now assume V is a finite free O-module or a finite dimensional E-vector
space. Then, in the usual way we can identify H'(G,V) = Ext!(1,V)
and, if V is a finite free O-module, then under these identifications the
maps

HYG,V®oF) <« H(G, V) > H(G,V &p E)

corresponds to the maps on extension groups obtained by applying ®pF
and Qo F.

Point (3) shows that one can find stable lattices inside V[%] ® 1 by considering
classes in H'(G,V) whose image in H'(G, V[%]) is zero. Point (2) shows that
these are precisely the torsion classes in H'(G,V) and the 7"-torsion inside
H'(G,V) can be accessed using point (1). From the exact sequence 0 — V/ ,

V - V/[x™V - 0 we obtain an exact sequence

HY(G,V) - HY(G,V/x"V) > H'(G,V) 2> HY(G, V)

Therefore, the m"-torsion is given by the image of the boundary map H°(G,V /a"V) -
H(G,V). Concretely this map sends a fixed element ¥ € V/7"V onto the 1-
cocycle
o o(v) —v

ﬂ—n
for v e V and lift of . If H°(G,V) = 0 then this map is injective

49. REDUCTION MODULO p AND GROTHENDIECK GROUPS

To obtain a well defined notion of reduction modulo p one needs to pass to
Grothendieck groups.

Definition 49.1. Let F be any field (i.e. possibly a finite field or a finite extension

of Q,) and let Repyp(G) denote the category of continuous F-representation of a

profinite group G. Then the Grothendieck group Ky(Repp(G)) is the quotient

of the free abelian group generated by [V'] for V € Repp(G) by the relations
[V]=[1]+[V2]

whenever 0 - V; - V - V5 - 0 is an exact sequence.

Lemma 49.2. Choose a set of representatives of the isomorphism classes of

irreducible representations in Repp(G). Then every element of Ko(Repp(G))
can be written runs uniquely as

Y ny[V]
.

where V' runs over a finite set of these representatives and ny € Z.
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By the same construction one can form the Grothendieck group of any category
in which exact sequences make sense. For example, it can be formed for any
abelian category.

Lemma 49.3. Suppose that

0O-Vi->...>...>V,>0
is a long exact sequence in Repp(G). Then

> (-1)[Vi] =0
in Ko(Repp(Q)).
Proof. If n =3 this is by definition and for general n > 3 one argues by induction
by considering the exact sequences
0—>V1—>...Vn_3£>Vn_2—>imf—>O

and

O-imf—->V,.1->V,—>0
By induction the first sequence gives Y7 2(~1)[V;] + (-1)""![im f] = 0 and the
second sequence gives (=1)" " [imf(f)] = (=1)" V1] + (-1)" [V, ]. O
Proposition 49.4. Suppose E is a finite extension of Q, with residue field F
then there is a homomorphism

red : Ko(Repp(G)) - Ko(Repp(G))
such that red([V']) = [T ® F] for any stable lattice T c V.

Proof. First note that if the class [T ®o F] in Ko(Repp(G)) is independent of
the choice of stable lattice 7' c V' then the map this formula defines is a homo-
morphism because if 0 > V; - V — V5 — 0 is an exact sequence then

0-TnVi->T—->imT -0
is an exact sequence of flat (i.e. torsionfree) O-modules and so the exact sequence
0> (TnV)®F->TRpF—>imTenF -0

witnesses the identity red([V']) = red([V1]) + red([V2]).
Therefore to finish the proof suppose T” and T are stable lattices in V. First
assume 71 ¢ T' c T. In this case there is an exact sequence
0->T/T" 5T @ F-TepF —-T/T' -0

which shows that [T’ ®p F] = [T ® F]. For the general case, we can multiply
T’ by a scalar (since this does not change the isomorphism class of 77 ®¢ IF) and
assume 77T ¢ T' ¢ T for some 1 > 0. We've just treated the case n = 1 and for
n > 1 we argue by induction as follows. Set T” = 7" !T + T’. Then

AT e T, 7T cT cT"
and so [T®p F]=[T"®p F]=[T" ®» F]. O
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Corollary 49.5. Let
O0=F,cF,1c...cFicFy=T®nF

be a composition series of T o F, i.e. a sequence of stable subspaces whose
subquotients are all irreducible. Define the semi-simplification

(T ®o F)* =P Fi/Fin1
i

Then (T ®oF)* is (up to isomorphism) independent of the choice of composition
series and the choice of stable lattice T c V.

50. ASIDE—RIBET’S LEMMA

Let us finish with an interesting result regarding reduction modulo p. We
probably won’t use this in the future but its something good to know.

Proposition 50.1 (Ribet’s Lemma). Let G be a profinite group (even just com-
pact) and suppose that p: G - GLo(FE) is a continuous irreducible representation
for which p>*® = x1 ® x2 with x1 and x2 one dimensional. Then there exists a
stable lattice T inside V' such that T o F is a non-split extension of x1 by xa.

Below we give a sketch of one possible proof of this result using the tree at-
tached to PGLy: Let X denote the set of homothety classes of lattices inside EZ.
We can make X into an undirected graph by asserting that [V],[V'] € X are
connected if 7V c V' c V or vice versa.

Lemma 50.2. X is simply connected, in other words any two points are con-
nected by a unique path.

Let C ¢ X denote the set of vertices which are stable under the action of G
via p. Then one has

Lemma 50.3. C is non-empty and convex (i.e. every point on the unique path
between two points in C must also be in C).

Proof. This is because each g € GG sends a path between two points in C' onto
another such path; by uniqueness this must be the path we started with. O

Lemma 50.4. Suppose x € C and let p,, be the reduction of the corresponding
stable lattice. Then
(1) p, is irreducible if and only if C' consists of a single point.
(2) Py is a non-split extension of two one characters if and only if every x € C
has exactly one neighbour.
(3) Dy is a split extension of two characters if it has > 1 neighbour. If the
characters are distinct then it will have exactly two neighbours.

The last ingredient is then:

Lemma 50.5. If p is irreducible if and only if C' is bounded, i.e. each path has
finite length.
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Lecture 23
51. GROTHENDIECK’S [-ADIC MONODROMY THEOREM

In the following section let K/Q, be a finite extension and let E be a finite
extension of Q; with [ # p. Consider a continuous representation p : Gxg —
GL,(E). Write V = E™ for the vector space on which Gk acts via p.

Recall Iy c¢ Gk is the inertia subgroup and [ K/ﬁK is the maximal pro-I-
quotient.

Lemma 51.1 (Grothendieck). p(Py) is a finite group.

Proof. Replace p by a conjugate so that p(Gg) c GL,(O) for O c E the ring of
integers (equivalently, choose a stable lattice). Since p(Px) is a closed prime-to-
order subgroup of GL, (O) it intersects the kernel of

GL,(O) - GLn(F)

trivially (since this kernel is pro-1). Therefore p(Pk) injects into GL,(F) and so
is finite. O

Corollary 51.2 (Grothendieck). There exists an open subgroup Iy c Ik such
that p(g) is unipotent for all g € I.

Proof. Replacing K by a finite extension we can assume that p(?K) =1. Then p
is a representation of the group Tk = G /Pk. Recall this group can be generated
by o, ¢ with o € I'x/ Pk and the relation

go¢~! = o
Therefore, if v € V has ov = av for a € E then
o(¢7 ) =al¢ v
Therefore, if a is an eigenvalue of p(o) then so is a?. It follows that each a
is a root of unity and so, for sufficiently large N, every eigenvalue of p(c?¥) is

1. Therefore we can take Iy c I equal to the subgroup corresponding to that
generated by o in Ix/Pxk. O

The next step is where we use that the coefficients of p have characteristic zero.
This means that at any unipotent endomorphism U (i.e. U -1 is nilpotent) of V'
can be written as

exp(N)
for N =log(U) which is a nilpotent matrix .

Proposition 51.3. There exists an open subgroup Iy c Ik and nilpotent endo-
morphism N of V such that

p(g) = exp(t(g)N)

for every g € In. Here t : I — Zj is the map induced by the isomorphism
IK/PK = Zl.
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Proof. Choose z € I with t(x) = 1 and which topologically generates p(I1). Then
we can write p(z) = exp(IN) for a nilpotent matrix N. For any g € I; we have

p(9) = p(x") = exp(N)" = exp(rN)

for some r € Z;. We just need to show that r = ¢(g) and this follows because
p(Px n1y) =1 by construction so that p|;, factors through the t|7, : I} - Z;. O

52. WEIL-DELIGNE REPRESENTATIONS

Keep the notation from the previous section. We are going to show how the
previous proposition allows us to relate p to a representation of the Weil group:

Definition 52.1. Let W c Gk denote the subgroup generated by Ix and the
preimage under Gx — Gy, of the subgroup generated (not topologically generated)
by the Frobenius ¢ in Gy Thus Wi sits in an exact sequence

0->Ig ->Wrg—->7Z->0

Equip Wg with the topology defined so that Ix ¢ Wi has the profinite topology
and Wy — Z is continuous. Note this is not the subspace topology coming from
Gk because I ¢ W is open.
Definition 52.2. A Weil-Deligne representation of Wi is a pair (p’, N) where
e o : Wy - GL,(F) is a continuous representation for the discrete topology
on GL,(E). This is the same as asking that p’(Ix) is finite.
e N is a nilpotent matrix satisfying
P(9NP'(9)7" = x(9)N
for every g € Wk, where x is the [-adic cyclotomic character.

Note that in the definition of a Weil-Deligne representation the topology on
the field E is not important.

Proposition 52.3. A Weil-Deligne representation (p', N) can be attached to p
so that

p(¢"g) = p'(¢"g) exp(t(g)N)
for any g € I'x and any lift of Frobenius F.
Proof. Let N be the nilpotent matrix attached to p from before, and define
p': Wik - GL,(F) by setting

p'(¢"g) = p(¢"g) exp(-t(g)N)

By construction p'(If) is finite so p" is continuous when GL,,(E) has the discrete
topology. Using that p(¢)exp(N)p(¢)~! = exp(¢gN) one checks that p’ is also a
homomorphism and that N satisfies the relation required to be a Weil-Deligne
representation. O

In the two dimensional case we have
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Lemma 52.4. Suppose that n =2 and that N #0. Then
oy [(V(9x(g)  #
r'(g) ( 0 v(9)

for some character ~v. Similarly for p.

Proof. Note that the identity p'(g)Np'(g)~! = x(¢g)N implies that ker N is stable
under p’. Therefore, if ker N # 0 then in the two dimensional case it follows that
p' is reducible. Conjugating we can assume that N = (}) and that

/ _ 711(9) *
"(9)‘( 0 72<g>)

Since
p/(g)Npl(g)—l _ (8 71(9)%2(9)1)

it follows that v = yox. O

53. WEIL-DELIGNE REPRESENTATIONS OVER DEFORMATION RINGS

Now we return to the setting of a deformation ring. Let K and E be as above
and let O be the ring of integers in £ with residue field F. Fix p: Gx - GL,(F)
and let R% be the framed deformation ring with universal deformation p"™".

Proposition 53.1. Write p"™V : G — GLn(R%[%]). Then there exists a nilpo-
tent N € Matn(R%‘[l]) such that

!
P (g) = exp(t(g)N)

for all g € I c Ik some open subgroup. We can associate to P the pair
(p"™V',N) where p*™™ : G — GLn(R%[%]) is defined by

P (@"g) = p" (9" g) exp(~t(9)N)
for geIg and p‘mivl(IK) is a finite group.
Exercise 53.2. Prove this using the same strategy as in the case of a field.

Recall that an irreducible component of SpecRg[%] is a maximal irreducible

closed subscheme. These are in bijection with minimal primes of Rg[%] via the
correspondence
1
p = Spec R5[—]/p
Lemma 53.3. Assume that R is a p-torsionfree Zy-algebra. Then the irre-
ducible components of Spec R are in bijection with the irreducible components

of SpecR[%].

o~
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Proof. Recall that for any multiplicative subset S ¢ R the set of prime ideals
in S7'R are in bijection with those prime ideals in R which do not intersect S.
This bijection sends p ¢ ST'R onto the preimage of p under the natural map
R - S7'R, and in particular is order preserving. Therefore, it suffices to show
that every minimal prime in R does not contain p.

Suppose one minimal prime of R contains p. If ¢ ¢ R does not contain p then
R/q is also p-torsionfree. Therefore, we can reduce to the case where every mini-
mal prime of R contains p. Then p is contained in the intersection of all minimal
primes and this is the nilradical of R (i.e. the set of nilpotent elements). It follows
that p is nilpotent which contradicts the assumption that R is p-torsionfree. [

Corollary 53.4. Let x,y: }L';’ — E be two homomorphisms and write P> Py for

univ

the representations G — GLy,(E) obtained by specialising p™. Assume that

both x and y factor through R%/p for p a minimal prime. Then

/ ~
Pl 2 pylix
Note here that

Proof. Set C = Rg[%] and write p;, : Gg - GL,(C) for the specialisation of
p"™Y to C. Let I; be as in the proposition so that pe:(I1) = 1 and consider the
characteristic polynomial P(pg.,g) € C[T'] for every g € Ix/I;. Choose represen-
tatives n1,...,n; of isomorphism classes of representations of Ix/I;. Then for
each ¢ =1,...,7 we can consider the closed subscheme Z; c Spec C' defined by the
condition that
P(pg.9) = P(ni.9)
where P(7n;,g) denotes the characteristic polynomial of 7;(g). Concretely, Z;
corresponds to the ideal of C' generated by the coefficients of P(pg, g) = P(n:,9).
Then ‘
J
SpecC = Z;
i=1
Since Spec C' is irreducible and this is a finite union we must have SpecC' = Z; for
some i. Writing P(pl,,g) for the characteristic polynomial of p (g) and likewise
for pj, we get that
P(py,9) = P(py,9)
for every g € Ix. Since these are representations on an algebraically closed field
of characteristic zero it follows that py |1, = p |1 O

This shows that over Spec R%[%] the p’ part of the Weil-Deligne representations
remains constant on each irreducible component. However the N part can vary.
Part 2. Lecture 24

54. INERTIAL TYPES

As usual K/Q), is a finite extension and E/Q; is another finite extension with
I #p. Let O denote the ring of integers in E and F the residue field of E. Fix
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p: Gg - GL,(F). Rather than consider the usual deformation ring of p we
consider its base-change
o._ m}
R- = Rﬁ ®W(IF) @
Recall from last lecture the definition of a Weil-Deligne representation:

Definition 54.1. A Weil-Deligne representation of Wi is a pair (p’, N) where

e o' : Wy - GL,(F) is a continuous representation for the discrete topology
on GL,,(E). This is the same as asking that p’(Ix) is finite.
e N is a nilpotent matrix satisfying

PGNP (9)7 = x(9)N
for every g € W, where x is the [-adic cyclotomic character.

We saw last time how to attach a Weil-Deligne representation (p’, N) to any
l-adic representation p: Gx - GL,(E). We also saw that if C — Spec RP[}] was
a (geometrically) irreducible closed subscheme and pg,p, : Gxk - GL,(E) are
representations corresponding to morphisms x, %y : Spec R - C then

/ o~
Pl = pyliy

where (p;, N;;) and (py,, Ny) are the corresponding Weil-Deligne representations.
This motivates the following definition

Definition 54.2. An inertial type is an equivalence class of pairs (r;, N;) with
o . : I - GL,(Q,) a representation
e N, is a nilpotent matrix
e (r;,N;) extends to a Weil-Deligne representation.

In particular this implies that r, has finite image and that N, commutes with
the image of ;.

Proposition 54.3. Assume that 7 is an inertial type which is defined over E (so
r-(x) and N; are matrices over E for all x € I ). Then there exists a quotient
RP(7) of R® with the following property: any map x : R - E' with E'|E a finite
extension factors through R°(7) if and only if the corresponding representation
pz has Weil-Deligne representation (pl,, Ny) with

/ ~ —
pxllK 27, Ny =Ny

Furthermore, this condition uniquely determines R2(7) if we also ask that R7(7)
be reduced and p-torsionfree.

Proof. Recall that we can attach a universal Weil-Deligne representation (puniv’, N u.niv)
to p"™V: Gk — GLn(RD[%]) so that (p.,, N,) is obtained by specialising (puniv’, N"™V)

along x : R® — E’. Consider the ideal I c RD[%] generated by
re(@)ig =P (@), NEY = Neys
for all x € [. Then
plxllK 2r;, Ny =N;
if and only if x factors through RE‘[%] /1.
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Remark 54.4. Note this condition does not determine I uniquely, it only deter-
mines a closed subset inside | Spec RD[%]|. But such a closed subscheme can be
given many different scheme structures.

We can take R7(7) and quotient of R" so that RD(T)[%] = R°[}]/I. For
example, we could take R(7) = R"/I' where I’ is the preimage of I under
R° - RO[1].

Note that it R7/I; and R"/I5 are two such quotients satisfying the conditions
in the proposition then so does R”/I; n I5. Therefore, there is a minimal ideal
Inin such that R7/Iy, is as required. This must be a radical ideal and cannot
contain any power of p . Thus R”/I reduced and p-torsionfree. O

Definition 54.5. From now on, when we write R7(7) we require that it be
reduced and p-torsionfree. Thus, this quotient of R is uniquely determined.

We would like to understand }_BD(T) = RP(7)®0F. Note that with the previous
definition it is not completely clear how to do this. If one wants to understand
EE one would like to understand which morphisms R” — A, with A an F algebra,
factor through RD(T) in terms of a condition on the corresponding deformation
pa: Grg — GL,(A). However, our definition doesn’t allow this because it doesn’t
make sense to attach a Weil-Deligne representation to p4. In other words, R™(7)
is not defined by a moduli interpretation, only RD(T)[%] is.

When N; =0 we can fix this problem. To see why this is possible recall that if
p: Gk - GL,(E) has Weil-Deligne representation (p’, N) with N =0 then p’ = p
(this was because p’ was defined by p'(¢"x) = p(¢"x) expt(x)N)). This means
that in this case R7(7) can be defined via a moduli interpretation: conjugate
so that we have r; : [x - GL,(O). Then a deformation p4 € D%' corresponding
to a map RY — A factors through R°(7) if and only if

,OA(IL') = TT(x)

for every x € I'x. Note however that R7(7) defined like this might not be reduced
or p-torsionfree.

55. NON-SCALAR EXAMPLES

We are now going to compute R”(7) in a number examples. We will assume p is
two dimensional. We begin with the easiest cases where 7| P, is non-scalar. Recall
that in these cases the computation of R7(7) was reduced to the calculation of
one dimensional deformation rings.

Example 55.1. Suppose that 6 = p| B 8 (absolutely) irreducible. Then we
showed that
RD = 0[[X7 Y7 Zl7 Z2> Z3:|]/((1 + X)la - 1)

where a equals the [-adic valuation of ¢ — 1. Furthermore, the universal deforma-
tion was given by

univ

3%
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where yuniv denotes the universal deformation of the trivial character and 0 :
Gk — GL2(0) is an extension to Gk of a lift of 6 to O.

First lets look at the irreducible components of R7. If we assume the coeffi-
cients are sufficiently large so that E contains a primitive {*-th root of unity (
then

A+X)" -1=(1+X-0)Q+X-¢)...1+x-¢"Y
in O[X]. Therefore
R~ O[[X,K Zl, ZQ, Zg]]/ H(l + X - Cm)
mjl
We see that Spec R” has [* irreducible components which are determined by
which [*-th root of unity 1+ X is sent to. Note however that ¢ =1 modulo [ so
RC®o F=F[[X,Y, Z1, 2>, Z3]]/ X"

consists of a single (non-reduced) irreducible component.

Let us compute the inertial type of representations on the component C,, in-
dexed by ¢". A morphism Spec E’ — Cy, corresponds to amap z : O[[X,Y, Z1, Za, Z3]]/(1+
X)-(¢™ - E' and specialising the universal deformation we obtain the represen-
tation

I x
where Yy is the character sending o — ("™ and ¢ — 1+Y. We see that the restriction
of this representation to Ix does not depend upon z and defines an inertial type
Tm.- Therefore
RO (1) = R2J(1+ X - C™)
and R7(7) =0 for any other inertial type. We also note that
R () = R (7sr)
for any m,m’.
Example 55.2. Suppose instead that p| Py = 01 ® 62 for two characters which are
conjugate over G . Then

RO = O[[X,Y, 21, Z2, Z3]]/((1 + X)"' - 1)

where b equals the [-adic valuation of g + 1 and the irreducible components are
indexed by the [°-th roots of unity. In this case

RD(T) = O[[X, Y, Zl,ZQ,Zg]]/(l + X - Cm)
for 7 the inertial type (r-,0) with
rr = IndgX (61 ® x)|1,c
= (6, ®02) ® X1,

for x a character which on inertia sends o — (™ and 51, 52 lifts of 61, 05. Otherwise
R°(1) =0.

Exercise 55.3. Work out the example when p| P = 01 @ 05 for non-conjugate
characters 61, 6.
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56. SCALAR EXAMPLES

Recall that when p| P 18 scalar there can be more complicated behaviour.
Twisting by a character we can assume that p| Py I8 trivial. We begin with an
example which illustrates what can happen when types with N # 0 appear.

Example 56.1. Suppose that ¢ # +1 and that

s -1 a5 )
We saw before that
RD = O[[B,P,Q,X,Y]]/(B)(P—Q)

and the universal deformation is given by

(1) 19 )

univ 1 X_l 1+P 0 1 X
p (¢):(Y 1) (Q(S : 1+Q)(Y 1)

Now there are two components. If we look at the representations where B # 0
we see that p(Ix) is not finite. Therefore, the corresponding inertial type must
have N # 0. Up to twisting by a character there is only one such inertial type

given by
0 1
Tns = (TnSa (0 0))

with 7¢ 5s(0) = (8 8) We see that R™(mys) = O[[B,P,Q,X,Y]]/(P - Q). The
other possible inertial type is the trivial inertial type 71 = (Id,0) and this occurs
on the component B = 0. Therefore
R(1n1) =O[[B,P,Q,X,Y]]/B
We conclude with an example which illustrates more complicated behaviour.

Example 56.2. Suppose that p(¢) has eigenvalues o, 8 in F with o371 ¢ {1,¢,¢7 .
Then we computed that

RO2 O[[A,B,P,Q,X,Y]]/(1+ X)) - 1,(1+ X2)"" 1)

Furthermore we showed that p"™

univ 1+P 0 univ 1 X - a+A 0 1 X
p ("):( 0 1+Q)’ p (¢):(Y 1) ( 0 B+B)(Y 1)

We see that the irreducible components are indexed by ordered pairs of [*-th roots
of unity ¢1,¢s. Note that any specialisation of p"™V to E’/E has finite image of
inertia. Therefore, the only inertial types appearing have N = 0. The inertial
type of the component with ¢(; = (2 = ( (which we denote 7¢)does not equal the
inertial type of any other component so

R%(1¢) 2 O[[A,B,P,Q,X,Y]]/(1+P-(,1+Q-()

was given by
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On the other hand, if {; # (» then the inertial type 7¢, ¢, on the (¢i,(2) component

equals the inertial type on the ((2,¢(1) component. It follows that R”(7¢, ¢,) can

be defined by two equations 1+ P+ 1+ Q =, + (o and PQ = (1{3. Thus

RD(TQ,CQ) = 0[[A7 Ba Pv Q>X> Y]]/(2+P+Q_C1_C2> PQ_CICQ) = O[[Aa BvX7 Y> P]]/(1+P_C1)(1+P_C2)
We have R7(7) = 0 for all other 7. Reducing modulo [ we see that their is a

difference between ED(TC) and }_QD(T@,CZ) because

R (70) 2 F[[4, B, X, Y]]

is reduced while .

R (7¢,,) 2F[[A, B, P, X,Y]]/(P?)
is not reduced.

Part 3. Lecture 25
57. CYCLES
Recall the following example from last lecture:

Example 57.1. In our usual [ # p situation we have R” = Rg ®w () O and for
each inertial type 7 defined other E = (’)[%] we have quotients

R7(7)
of R”. Suppose Pp, s trivial and that p(¢) has eigenvalues o, 8 with af™! ¢
{1,4,¢7'}. Then

R°=0O[[X,Y,P,Q,A,B]]/(1+X)" -1,(1+Y)" -1)

and R°(7) = 0 unless 7 = (r¢, ¢,,0) with r¢, ¢, (0) = (%1 CO2 ) for 1%-th roots of unity
(1, (a. We computed that

RO, o, = O[[X,)Y,P,QAB]]/(1+X+1+Y - -G, (1+X)(1+Y)-(i¢) if G+
e TN O[X, Y, P,Q, A, B])/(1+ X = (1, 1+Y = () it ¢ =G

Set R =R%®pF. Then R = F[[X,Y,P,Q, A, B]]/(X",Y") and

}—%D( )_ ]F[[X,Y,P,Q,A,B]]/(X+Y,XY) if 4 #¢
) T R[IX, Y, P.Q. A, B]]/(X.Y) ¢ =G

Clearly these two rings are very different; the first is non-reduced (since X +Y =
0 we have XY = —X?2 = 0) while the second is a power series ring. We want to
give a precise way of measuring this difference.

Recollection 57.2. Recall that if X = Spec A is an affine scheme then there is
an associated topological space |X| = {prime ideals € A}. The following sets are
in bijection:

(1) closed subsets of | X|.

(2) reduced closed subschemes of X.
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(3) radical ideals I ¢ R (recall an ideal is radical if o™ € I implies a € I. This
is the same as asking that R/I is reduced).

On the other hand, the set of closed subschemes in X are in bijection with ideals
in R, so there are many more closed subschemes than closed subsets. In our
previous example we see that

| Spec R”| = | Spec RD(TC17<2)| = | Spec RD(TC’C)‘
but only is reduced.

Recollection 57.3. For an affine scheme X = Spec A and J c |X| closed recall
that the following are equivalent:

(1) J is irreducible

(2) one cannot write J = J; U Jy for J; c J proper closed subschemes

(3) If J corresponds to the radical ideal I c A then I is a prime ideal.

Definition 57.4. Let X Spec A be a Noetherian affine scheme. For every n >0
define the group of n-dimensional cycles in X

Zn(X)

as the free abelian group on the set of prime ideals p in X such that Spec A/p
has dimension n. Therefore, an element of | X| can be written as a finite sum

> MpP

for n, € Z. Since prime ideals correspond to irreducible closed subsets in |X
we could equivalently define Z,(X) as the free abelian group on the set of n-
dimensional irreducible closed subsets. Note this definition also makes sense
without X being affine.

Construction 57.5. For any closed subscheme Y ¢ X = Spec A we can define
an element

[Y]eZn(X)
as follows: since X is Noetherian we can write |Y| = U|Y;] for |Y;| c | X| irreducible
subsets. Assume Y7i,...,Y,, are those irreducible subsets of dimension n, and

write p; for the corresponding prime ideal. Then we define

[Y] = Zn; mult(Y, pz)pz

where

mult(Y, p;) = length(A/I),,
is the length of (A/I),, as a module over itself. Note this is the same thing as
the dimension

Example 57.6. Take X = Specﬁj from before. Let us compute the elements

[SpeCED(TghQ)] € Z4(X). Note that R" contains a single irreducible component
(of dimension 4) corresponding to the prime ideal generated by p = (X,Y’). Since

R” =F[[X,Y, P,Q, A, B]]/(X",Y") we have
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Since ED(TQC) =R"[p we have
R, =F((A,B,P.Q))[[X,Y]]/(x",¥")
SO
[X] _ l2ap

On the other hand we have ED(T“) = Ru/p and so ED(Tgc) =F((A,B,P,Q)),
and

[Spec R (7¢.c)] = p
For (1 # G wehave R (¢, ¢,) = R /(XY,X+Y). As R, =F((A, B, P,Q))[[X,Y]]/(XY, X+
Y') we have
[Spec R (7¢,.¢,)] = 2[X]

Cycles don’t see everything.

Example 57.7. Suppose R = F[[X,Y]] and consider the closed subscheme Y =
Spec R/(XY,Y?) in Spec R. Even though Y is not reduced we claim that

[Y]=pe Zi(SpecR)

for p the prime ideal (Y'). To see this note that p is the unique minimal prime of
R' = R/(XY,Y?). Localising R’ at p involves inverting all elements not divisible
by Y. In particular, we invert X and so Y =0 in R). Hence

R, =F((X))
which shows the claim.

Lemma 57.8. Suppose that Y c X is equidimensional of dimension n and sup-
pose that

with the sum running over closed irreducible subsets. In other words, assume the
multiplicity of every component in'Y is one. Then there exists an open subscheme
U cY such that U is reduced. Conversely, if Y is generically reduced then every
component of Y has multiplicity one.

58. [ # p BREUIL-MEZARD CONJECTURE

We can now state the [ # p Breuil-Mézard conjecture. For this we return to
our usual set-up: K/Q, is a finite extension and so is E/Q;. Here [ # p and O
denotes the ring of integers in E and F the residue field. Fix p: Gg - GLo(IF)
and set

R" = R% ®W (F) O

Theorem 58.1 (Shotton). Assume | # 2. Let k denote the residue field of K.
Then, for each irreducible representation 0 : GLo(F (k) - GLo(F), there exists

c(0) e ZA(R")
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with the following property: For any inertial type T = (r+,0) defined over E, one
has

[Spec R (7)] = ;m(a,ﬂcw)

where m(6,7) denotes the multiplicity of 0 inside the reduction modulo 1 of the
representation
o(7)

attached to T wvia the inertial Langlands correspondence. For the inertial type
7= (ry, N;) with N; #0 one has

[SpecED(T)] + [SpecED(T')] = ;m(O,T)C(O)

where T = (r;,0).

An identical result also holds in dimension > 2 except that one then considers
n?-dimensional cycles.

59. INERTIAL LANGLANDS CORRESPONDENCE

The classical local Langlands correspondence (for GLy) defines a bijection be-
tween isomorphism classes of two dimensional Weil-Deligne representations and
smooth irreducible admissible two dimensional representations of GLg(K) on Q-
vector spaces. Actually, one has to restrict to Frobenius semi-simple Weil-Deligne
representations on the Galois side (a WD-representation (p’, N) is Frobenius
semi-simple if p’(¢) can be diagonalised). This bijection should satisfy a number
of conditions. Let us write

rec(7)
for the WD-rep corresponding to an irreducible admissible 7. Note that here we
suppress many additional choices and normalisations.

Theorem 59.1. If 7 = (r;, N;) is an inertial type then there exists a unique finite
dimensional representation o (1) over Q; of GLa(Ok ) such that for all irreducible
admissible T one has

Tlar, (o) contains o(T) = rec(n)|r, 277 and either N 2 N or N; #0 and N =0
If w is infinite dimensional then the converse is also true.

In the two dimensional case one constructs rec by classifying these isomorphism
classes on either side and showing that they match. This allows us to define o(7)
by the following explicit formula:

e if 7=(1,0) then o(7) is the trivial representation.

o if 7= (1,N) with N = (§}) then o(7) is (the inflation to GL2(Ok) of)
the Steinberg representation of GLa(k).

o If 7= (1®¢,0) for ¢ : K* — Q, non-trivial of exponent N (i.e the smallest
N such that e|1+msz is trivial) then

GL2(O
o(r) = IndKI(;(QJ(V)K) €
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where Ky(N) consists of matrices upper triangular modulo m%. Here we
view € as a representation of the Weil group via local class field theory.

o If 7 = (r,,0) with r; irreducible then r; = rec()|r, for a cuspidal 7. Any
such 7 can be written as

c—Ind?LQ(K) A

for J a certain subgroup which contains the center of GL2(K') and is
compact modulo this center. Then
o(r) = Ind?OLQ(OK) Al jo

where J° c J is the maximal compact subgroup.

60. A BRIEF LOOK AT THE [ = p BREUIL—MEZARD CONJECTURE

Now suppose [ = p. We would like a similar statement comparing cycles in
Spec R using the representation theory of GLy (k) and (some elements of) the
Langlands correspondence.

Remark 60.1. When [ # p the rings has dimension n?. However, we really should
be considering them moduli the action of conjugation by GL,. Usually this
quotient would give a stack rather than a scheme, of dimension

n?-n?=0
This illustrates that one should think of these inertial types as discrete parame-
ters. When [ = p we will see that there are also continuous parameters appearing.

Remark 60.2. Historically the [ = p version of the Breuil-Mézard conjecture came
first. The motivation was that it could be used to prove modularity lifting the-
orems, and when [ # p one was already able to understand the situation well
enough that the [ # p Breuil-Mézard conjecture was not necessary from this
point of view. In fact Shotton’s proof of the [ # p conjecture for GL,, reverse
engineered these ideas, and used existing modularity lifting theorems.

)

e The first step would be to obtain an analogue of ED(T) when [ = p. Unlike
in the [ # p case one cannot attach a WD-rep to any p-adic representation
p:Gg — GLn(@p). Instead one has a to restrict attention to a certain
class of de Rham representations (this turns out not to be so bad because
every representation coming from nature, i.e. from geometry is de Rham).
Then one has a fully faithful functor

{de Rham representation} — {(p’, N, Fil)}

into the category of pairs of WD-reps together with a choice of filtration
(where the filtration measures the Hodge-Tate weights of the de Rham
representation). This motivates us to consider quotients R7(7, u) of R"
for 7 an inertial type and g an isomorphism class of filtration.
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e These quotients should be defined by the property that x : R® - FE
factors through R"(7, ) if and only p, corresponds to (7, ) under the
above functor. Unlike in the [ # p case, it is very unclear whether these
quotients should exist. In fact, it was an open problem for a long time,
until Kisin gave a construction around 2005.

e Omne can compute the dimensions of R7(7, 1) to be

n? +d(p)

where d(11) denotes the dimension of the flag variety classifying filtrations
of type p. The largest possible value of d(u) is n(n —1)/2 and when this
occurs we say that y is regular.

Conjecture 60.3. For each irreducible F-representation 0 of GL,, (k) there exist
cycles

C(9) e 27+ DI2(Spec B
such that for any regular p one has

[Spec R(r, )] = 3 m(0, 7, 1)C(0)
where m(0, 7, 1) denotes the multiplicity of 6 inside

o(7 1)
where (7, 1) is the base change of F of a lattice inside o(1,pn) = o(1) ® V(1)
where V (u) denotes the algebraic representation of GL,, with highest weight p (or
w—p where p=(n-1,n-2,...,1,0)).

This is known when n = 2 and K = Q, by work of Kisin and Paskunas, and
others. Besides a few other special cases essentially nothing is known otherwise.
Also nothing is known (not even a conjecture) or what happens when p is not
regular.
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