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AND QUANTIZATIONS OF SYMMETRIC QUOTIENTS OF THE
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ABSTRACT. We construct an analogue of Gerasimov-Kharchev-Lebedev-Oblezin
(GKLO) representations for twisted Yangians of type Al, using the recently found
current presentation of these algebras due to Lu, Wang and Zhang. These new rep-
resentations allow us to define interesting truncations of twisted Yangians, which, in
the spirit of Ciccoli-Drinfeld-Gavarini quantum duality, reflect the Poisson geome-
try of homogeneous spaces. As our main result, we prove that a truncated twisted
Yangian quantizes a scheme supported on quotients of transverse slices in the affine

grassmannian.
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1. INTRODUCTION

In [GKLOO5], Gerasimov, Kharchev, Lebedev and Oblezin (GKLO) constructed a
family of infinite-dimensional representations of the Yangian using explicit difference
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operators. These GKLO representations were later generalized to the shifted Yangian
setting and used to produce quantisations of transverse slices to Schubert varieties in
the affine Grassmannian [KWWY 14, BFN19]. In this paper we develop an analogue of
that picture for twisted Yangians of type Al. Concretely, we construct explicit GKLO-
style representations of these twisted Yangians and realise the resulting truncations as
quantisations of loci inside quotients of the thick affine Grassmannian.

Twisted Yangians, introduced by Olshanski [O1s92], arise in mathematical physics
from the Yang—Baxter and reflection equations as algebras controlling the symmetries
of integrable systems with boundaries. From an algebraic point of view, they appear
naturally in the context of Gelfand—Tsetlin theory for simple Lie algebras of classical
types [Mol06]. Recently, they have also been realized as degenerations of affine quantum
symmetric pair coideal subalgebras, or :quantum groups [LWZ25]. Shifted versions of
twisted Yangians, which we denote by ™Y, for dominant p € X, (T"), were introduced
in [TT24] building on the Drinfeld presentation from [LWZ23].

Setup. Throughout we take G = SL, with diagonal torus 7" and write X,.(7T) =
Hom(G,,,T"). Let N(T) C G denote the normaliser of 7" so that W = N(T)/T. We
consider the thick affine grassmannian Gr'"* = G((271))/G[z] with the Poisson struc-
ture induced from the standard Manin triple for the loop algebra. If Gy C G[[z7}]]
denotes the first congruence subgroup then, for any dominant (always considered rela-
tive to the standard upper triangular Borel) p € X, (7'), the Gy-orbits Gr,, through z#
are known to be Poisson subschemes. Finally, we consider the involution

T G((zY)) = G((z7Y),  T(9) =g(—2)

where 2! denotes the transpose of .

Poisson geometry. The first part of this paper analyses the Poisson geometry of the
quotient spaces Ky\ Gr,. This is done in Section 3 and the following summarises our
main results.

Theorem 1.1. Let K C G((27')) denote the subgroup defined by g(—z)" = g(z)~! and
set Ko = K NGy. Then

(1) Ky is a coisotropic subgroup of Gy and so, for each p € X,(T), the quotient
Ko\ Gr,, (which is representable by an affine scheme) inherits a Poisson struc-
ture from Gr,,.

(2) The symplectic leaves inside Ky\ Gr, are connected components of the sub-
schemes

(1.1) Ko\ (Kzz" N Gry,)

where n € X, (T) and x € G is such that x'x € N(T) represents an involution
w e W with n+ w(n) > 2u and dominant. The subscheme (1.1) is uniquely
determined by X = n + w(n), except when w has no fized points, in which case
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there are two such subschemes corresponding to two possible choices of x. If
=0 then (1.1) is connected and hence a single symplectic leaf.

(3) Write Sy, for the subscheme (1.1) when w has at least one fized point and the
union of the two distinct such subschemes otherwise. If u = 0 then the ideal of
the reduced closed subscheme

2Su/\ - U S;u

<A

inside Ko\ Gr,, can be described as the radical of an ideal Poisson generated by
a set of explicit rational functions defined via trailing principal minors.

A central idea underlying the proof of these results is the existence of an isomorphism
KO\ GI‘H = Grgil

induced via Kox +— 7(x)z for 7(g(2)) = g(—z)". This identifies the quotient Poisson

structure on the left hand side with that on the right hand side obtained via Dirac
reduction (up to a factor of 2). It also identifies the subschemes S, from Theorem 1.1
with the 7-fixed points inside the loci Gré\u = GrguﬂGr’\ with Gr* C Gr'™* the
Schubert cell given as the G[z]-orbit through 2.

We expect that the restrictions to y = 0 in Theorem 1.1 are unnecessary. However,
we are currently unable to prove this. The most significant obstruction arises in the
proof of part (3) of Theorem 1.1.

GKLO-representations and quantisation. Our second main result shows the Pois-
son structures from Theorem 1.1 are quantised by twisted Yangians and their trun-
cations. Write ™Y, for the C[A]-form of the twisted Yangian shifted by a dominant
e X (T).

Theorem 1.2. For each dominant u € X,.(T) there is an isomorphism of Poisson
C-algebras

(1.2) Y ,/h"Y,, = O(Ky\ Gr,).
Furthermore,
(1) For each dominant A\ € X, (T) we define quotients ™Y of ™Y, via twisted

GKLO-representations. See Theorem 7.2.
(2) If =0 then the identification (1.2) induces a Poisson surjection

WY EY S — OS5, )

2p
which is an isomorphism up to nilpotent elements.
The twisted GKLO representations from part (1) of Theorem 1.2 are given in terms

of the current, or ‘new Drinfeld’, presentation of the twisted Yangian, found recently
by Lu, Wang and Zhang [LWZ23]. The generators commonly denoted as b;(u) act
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as sums of localized difference operators, via formulae which somewhat resemble the
Gelfand-Tsetlin formulae for quantum symmetric pairs [GK91, LP25]. The shape
of our formulae is motivated by the realization of the twisted Yangian in terms of
Sklyanin minors. Namely, the corresponding Cartan generators, given by the principal
Sklyanin minors, are required to act as even polynomials. This restriction determines
the correct coefficients on the difference operators corresponding to the b;(u) generators.
The presence of this extra symmetry is a new feature, absent from the original GKLO
representations.

We also expect that the map in part (2) of Theorem 1.2 is actually an isomorphism,
so that ™Y, directly quantises Si_wo(%), rather than a non-reduced scheme supported
on this locus. This could be proved if one knew the Poisson ideal discussed in part
(3) of Theorem 1.1 was reduced. In Conjecture 3.14 we formulate a conjecture in this
direction and show how its validity implies an explicit description of the ideal defining
the truncation ™Y, inside ™Y,

Theorem 1.3. Assume p = 0 and that Conjecture 3.14 holds. Then the surjection
in part (2) of Theorem 1.2 is an isomorphism and t""Yf; is the quotient of ™Y, by a
two sided ideal generated by elements AET) forr > r; = (w;, 2\) and BZ.(”H) for each
1<i1<n—1.

A concrete example of Ciccoli—-Drinfeld—Gavarini duality. Theorem 1.2 can be
viewed through the lens of the Drinfeld-Gavarini quantum duality principle [Dri87b,
Gav02, Gav07]. For a Poisson-Lie group H with Lie algebra b, quantum duality
asserts that the semiclassical limit of Uy(h) is isomorphic, as a Poisson-Hopf algebra,
to O(H™), the algebra of functions on the dual Poisson-Lie group. Applied to H = G|z]
this identifies the semiclassical Yangian with functions on the dual Poisson group G
and is the starting point for the results in [KWWY14]. Ciccoli-Gavarini [CG06, CG14]
extended quantum duality to Poisson homogeneous spaces (quotients by coisotropic
subgroups). If N C H is coisotropic then the algebra of N-1-invariant functions on
the dual Poisson group corresponds to the semiclassical limit of a (one-sided) coideal
subalgebra. In our setting the subgroup N = G[z]™ and its orthogonal complement give
rise (via this principle) to twisted Yangian-type coideal algebras; Theorem 1.2 provides
a concrete realisation of this correspondence in the split type Al case.

Remark 1.4. Just before the completion of our paper, another preprint on the same
topic was independently released by Lu, Wang and Weekes [LWW25]. There is consid-
erable intersection between the two papers. For example, we both introduce GKLO-
style representations and study the Poisson geometry of fixed point loci in affine Grass-
mannian slices. Many aspects of [LWW25] are more general, e.g., they also construct
GKLO representations for twisted Yangians of type Alll, consider generalized affine
Grassmannian slices, and introduce the notion of an iCoulomb branch.
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On the other hand, elements of our approach differ significantly from loc. cit. and
appear to offer more control towards several outstanding open problems. For example,
Theorem 1.2 provides the partial step towards Conjecture 8.13 of loc. cit. as described in
Remark 8.14. In a similar spirit, our Conjecture 3.14 provides a direct approach towards
Conjecture 3.10 of loc. cit. and presents the possibility of emulating the strategy devised
in the untwisted setting in [KMWY18].
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2. NOTATION

2.1. Basic setup. Let G = SL,, viewed as an algebraic group over Spec C, with diag-
onal torus 7" and upper triangular Borel B. Also write U* respectively for the upper
and lower triangular unipotent subgroups in G. Set W = N(T')/T for N(T') C G the
normaliser of T" and write wy € W for the longest element.

Set X,(T) = Hom(G,,,T) and X*(T') = Hom(7', G,,,), which are dual via the evalu-
ation pairing

(= =) X(T) x XN(T) = Z, (B, A) = (B, A) = B"(N).

We use analogous notations for the diagonal torus T C GL,,, with canonical maps

X (T) = X (T) and X*(T) — X*(T). )

We will use the index sets [ = {1,--- ,n—1} and I = {1,--- ,n}. Let (a;;); er be the
Cartan matrix associated with G. Given i € I, we write ¢/ € X*(T) for the character
diag(tl, RN ,tn) — t;
and ¢; for its dual under (—, —). Let A™ be the set of all positive roots of G (relative
to B), with simple roots o) = ¢/ — €/, (i € I). We write w; € X,(T) ®z Q for the
fundamental coweights, dual to o, and w;” € X*(T') for the fundamental weights. Let

X.(T)" C X.(T) denote the set of dominant coweights relative to B, so A € X, (T)"
iff (), A) > 0 for each i € I and write < X if A — u is a sum of positive coroots. .

2.2. Affine grassmannians. Write G((z7')), G[z], and G|z, 27!] for the ind-group
schemes over Spec C with A-valued points given respectively by G(A((z71)), G(Az])
and G(A[z,27']). We use similar notation when G is replaced by another affine group
scheme over Spec C. We then consider the fpqc quotients

Gritk = G((271))/G2], Gr'® = Gz, 271/G2]

the first of which is representable by a scheme, and the latter by an ind-scheme. For
any coweight A € X,(T) we write 2* € Gr'"™ for the image of A\(z) € G((z7')) and if
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)\ is dominant we write Gr* for the G[z]-orbit through this point, with closure Gr=*.
We also consider the subgroup

Go C G((z71))

whose A-points, for any C-algebra A, consist of matrices in 1 + z~! Mat(A[[z~1]]).
Recall that if U = GoNU*((271)) and Ty = GoNT((2")) then multiplication defines
an isomorphism

(2.1) Uy x To x Uy — Go

(indeed multiplication Ut x T'x U~ — G is known to be an open immersion whose
image is the open locus defined by the non-vanishing of the principal minors). For
p€ X (T)" set Gr, C Grihick equal the Gy-orbit through 2. Finally, for any 1 < i <n
and any pair of i-tuples I, J C {1,...,n} we write

Ay € OGo)[[lz7"]]

for the series valued function whose value on g € Gy is its /.J-th minor. Write Ag’:,) €
O(Gy) for the coefficient of 27" in this series.

2.3. Commutators. We use the following notation for commutators: [a,b] = ab — ba
and [a,b], = ab+ ba.

3. SYMMETRIC QUOTIENTS OF THE AFFINE GRASSMANNIAN

3.1. Poisson structures on loop groups. Following [KWWY14] we equip G((z7'))
with the Poisson structure induced by the Manin triple (g((z7')), g[z], 2 *g[[z']]), with
the pairing

(x,y) = Res,—o Trace(zy)
i.e., the coefficient of 27! in Trace(zy). In [KWWY14, Proposition 2.13] (specialised
to the case G = SL,,) the resulting Poisson bracket {—, —} is computed as:

Lemma 3.1. Recall the series valued functions Ajy = Apy(2) from Section 2.2. Then

1
{Ar(u), Agr(v)} = Z (€Z&LAIJ<M> (W) Ak pa-n (V) — GéfoKAﬂme(u)AK(w@L(U))

uUu—7v
1<p,g<n

where

o JP9 denotes the tuple with p € J replaced by q. Likewise for L@P) [(aP)
and K9

J’L . . . . .
o =014fpg J orq¢g L and otherwise equals =1 according to the sign of the

permutations reordering JP9 and L9P) into ascending order.

® ¢

Both G[z] and Gy appear as Poisson subgroups of G((27!)) and the quotient Gr*"* =

G((271))/G]z] inherits a Poisson structure from that on G((z71)).
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Lemma 3.2. Recall Uy = GoNU((271)). For p € X.(T) dominant, set U™F =
Go N 2'Glz]z"" and U, = z"Uy z7". Then both are subgroups of Uy and:
(1) U™ is a coisotropic subgroup in Gy, and so Go — Go/U ™" is a Poisson quotient.
(2) The quotient map U, — Uy U is an isomorphism.

Identical assertions hold with u anti-dominant and each U, replaced by Uy = Go N
UH((z71)-

Proof. For part (1) one shows that the orthogonal complement of Lield™* in g[z] is
a Lie subalgebra, which is an easy computation. Part (2) follows since multiplication
UF x UM — U is an isomorphism. O

Recall Gr,, C Grthick ig the Go-orbit through 2# for dominant p € X, (7). Lemma 3.2
furnishes two descriptions of this locally closed subscheme. Firstly, the orbit map
induces an isomorphism Gy /U ~* = Gr,, which, by part (1) of Lemma 3.2, endows Gr,
with a natural Poisson structure. On the other hand, part (2) of Lemma 3.2 combined
with the factorisation (2.1) shows how acting on the base point in Gr'™* gives an
isomorphism W, := Uy Tou'd~ = Gr,,.

In what follows it will also be useful to consider a variant of this construction giving
an isomorphism

(3.1) UTTINGo /U — U, x To x Uy L2225 Wy,

where the first map comes from part (2) of Lemma 3.2. We claim (3.1) is Poisson for
the quotient Poisson structure on the source and that on the target induced by the
isomorphism W;,, = Gry,. To see this note the composite Gy — U \Go /U — Wy,
is exactly the shift morphism denoted ¢, —, in [FKPT18, §5.9]. That this is Poisson
follows from [FKP*18, Theorem 5.15].

3.2. Symmetric quotients and fixed points. Consider the anti-involution 7(g) =
g'(—=z) on G((27')) and set

K={geG((z")|7(9)=97"}

This can be interpreted as the loop group associated to the special unitary group
over C((z71)) respecting the Hermitian form (z,y) = z'(2)y(—=2) on C((z71))". Thus,
[PRO8, Theorem 0.1] ensures K is connected. The group K acts on Gr'™ via left
multiplication.

Remark 3.3. Previous work [Nad04, CY23] consider the action on Gr'™ of fixed points
in G((27')) under involutions like ¢ + ¢~* on Gr. While there are a number of
similarities, the geometry of this action is different to ours in several significant ways.

We avoid discussion of the quotient stack K\ Gr'™* and instead restrict attention

to Ko\ Gr, for Ky = K N Gy. The latter are represented by schemes, since g — 7(g)g
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induces a monomorphism

(3.2) U Ko\ Gr,, = Ko\Go /U™ — UTM\Go 4 L2 Wi

which is easily checked, e.g. by comparing Hilbert series of the tangent spaces at the
identity, graded via loop rotations, to be surjective and hence an isomorphism.

Lemma 3.4. The subgroup Ky C Gy is coisotropic.

Proof. As in Lemma 3.2, this follows since the orthogonal complement of Lie K in g[z]
is Lie(K N G[z]) which is a Lie subaglebra. O

Thus Ko\ Gr, = Ko\Go/U " has a natural Poisson structure and (3.2) transfers this
structure to Wi=". On the other hand, (U NGy J U W3t has an intrinsic
Poisson structure induced from that on Gry, = W, via Dirac reduction (see, for

example, [LGPV13, §5.4.3], [Top23, §2]). As explained in [LGPV13, Proposition 5.36],
the corresponding Poisson bracket {—, —}, is given by

(3.3) (F.G}. = % ({F.G} + (~F.G))

where {—, —} denotes the Poisson bracket on W, and F,G € O(W,) are lifts of
F,G € OWz7'). In fact, these two Poisson structures on Wi=" coincide up to a
multiple of 2, as follows from [Xu03, Theorem 5.9]. More precisely, one applies loc. cit.
(which, while written in a finite dimensional setting, goes through immediately in our
loop setup) in the case p = 0, and then deduces the claim for p > 0 using functoriality
of Dirac reduction for fixed points as described in [Top23, §2].

3.3. Symplectic leaves and their closures.
Definition 3.5. For dominant A > 2u write
SQAM =v W N G[z]2*G[z])
for U as in (3.2) and consider the closed subset Si’\ = UWS/\ Sy, equipped with the

reduced scheme structure.

Recall from [KWWY14, Theorem 2.5] that the intersections Wh, N G[2]2*G|z] are
symplectic leaves inside W;,. These exhaust all symplectic leaves meeting G|z, z7!].
It follows from [LGPV13, Proposition 5.26] that the connected components of W3 =' N
G[2]2*Gz] are then the symplectic leaves in W3 7', The same is therefore true of the

A
Say.-

Proposition 3.6. If S5, # 0 then X\ = n + w(n) for some n € X.(T)* and some
involution w € W (i.e. w? =1). If one can take w with at least one fized point then

Sé\u = Ko\ (Kzu" N Gr,)
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for any x € G with 7(x)x € N(T) lifting w. Otherwise there are = € G with
m(a*)a* € N(T) lifting w so that Ko\ (Kz*u" N Gr,) are distinct—in this case Sy, is
the disjoint union of these two intersections.

Note that if A = 7, _,.,, Ai€; then A = 1+ w(n) as in the Proposition 3.6 if and
only if the number of \; equal any given odd number is even. The second case of

Proposition 3.6 occurs when every \; is odd (and is therefore only possible when n is
even and > 4).

Proof. Consideration of the map (3.2) shows that Koq € Ko\ Gr), lies inside Sj, if and
only if 7(g0)qo € G[z]z*G]z] for any gy € G((27')) representing ¢ € Gr,,. Notice this
implies Koq N Gretn £ ().
On the other hand, [DS03, Theorem 5.2] shows that any ¢ € Gr'M" can be represented

by qo € G|z, 27 with 7(qo)qo = 1wz” where

e A= (A1,..., ) € X\ (])T,

e 1w € N(T)NGT represents an involution w € W with w(A) = A and whose fixed

points are exactly the ¢ € {1,...,n} with \; € 2Z and with w(\) = \.

This immediately implies A = 7 + w(n) for some n € X,.(T)*. Now every element in
N(T)NGT can be expressed as 7(z)x for some z € G. Applying this to (—1)™w allows
us to write wz* = 7(x2")xz". We conclude that the K-orbit through ¢ equals Kxzz".
Consequently,

82)‘# = Kp\ (U KzuN GrlL)
with the union running over x € G with 7(x)x € N(T) lifting w. It only remains to
determine when two such Kxu” coincide, and this reduces to a description of when
the K N G-orbits through the class of « inside G/ P, coincide for P, C G the parabolic

subgroup stabilising u”7 € Gr'™%. Such a description is given in [RS90, Lemma 10.3.1]
and the proposition follows. O

Lemma 3.7. If p = 0 then each subscheme Ko\(Kxzz"NGr,) as in Proposition 3.6 is
connected, and hence a symplectic leaf in Ko\ Gr,,.

Proof. 1t suffices to show Kxz" N Gr, is connected. If it is empty then we are done

so assume not. As Grg is open in Gr'™ this intersection is open inside the K-orbit
through zz"7. But K is a connected group and so this orbit is irreducible. The same
must then be true of any non-empty open subset. 0

For later use we record the following simple combinatorial consequence of the con-
straint on A given in Proposition 3.6.

Corollary 3.8. Suppose A = >, .., \i€; can be expressed as n+w(n) for an involution
weW. If

ri = (Wi, —wo(A)) = —(Ap—ig1 + ... + An)
then r; odd implies \,,_; = \,_;11 are both odd, and so ;11 is even.
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In general, we do not know whether SQSM)‘ coincides with the closure of Sé\u in Ko\ Gr,
whenever Sé\ﬂ is non-empty. However, we are able to show this holds in the simplest
case, which is when X is even, i.e. lies in 2X,(T)7.

Theorem 3.9. If A € 2X.(T)" then SQS#’\ equals the closure of Sy, in Ko\ Gr, and

coincides with the scheme theoretic image of Gr, N Gr=" — K\ Gr,, (recall the notation
from Section 2.2).

Proof. Write 3;\# for the closure of Sé\u in Ko\ Gr, and set A = 2. We then consider
the K%-orbit O through u” where K° := K N G[z]. We first claim that the closure of
O° in Gr'"k equals Gr=". Certainly this closure is contained in Gr=" and, since the
latter is irreducible, equality follows if ©° and Gr=" have the same dimension, i.e. if
dim 0" = Y, ,(a¥,n). Since the orbit map identifies O° = K°/(K" N 2"G[z]z™")
this dimension can be computed as
dim Lie K°/ (Lie K° N 2"g[2]2"")

But Lie K° = {z € g[z] | 7(x) = —x} is spanned by zLieT[2?] together with the
elements 2'(zov — (—1)"x_qv) for all i > 0 and ¥ > 0. As 7 is dominant it follows that
the above quotient is spanned by the images of 2'(z,v — (—1)"7_ov) for 0 < i < (¥, n)
and ¥ > 0. This proves the claim.

Next we show that Grs* N Gr,, equals the closure in Gr,, of O°NGr,. Since O° is dense
in Gr=" by the previous paragraph and z* Grg is open in Gr'™® with z# GroN Gr="
non-empty, we deduce that O°N z* Gr is non-empty and has closure Gr="N Gr, inside
Gr,. To replace z* Gry with Gr, in this assertion notice that

2 Gro = 2MUS 2 Toz" Uy = (2"UF 27" N Glz]) x W,

where the second isomorphism uses Lemma 3.2 to identify U = U+ x Z/lfw and so
identify 2#Uf 27" = (2"Uy 27" N G[2]) x Uf. Let p : 2# Grg — Gr,, be the resulting
projection. Since Gr=" is G[z]-stable we have p~!(Gr="NGr,) = Gr="Nz* Gry. Now
suppose Z C Gr="nN Gr,, is closed and contains O° N Gr,. By the first assertion of this
paragraph it follows that p~'(Z) = Gr="Nz* Gry and so Z = 0’n Gr,,. This shows
Gr="N Gr,, is the closure of O° N Gr, as required.

Proposition 3.6 shows Sﬁ‘# = Ko\ (K2"N Gr,) when A\ = 2. The well-known fact
that multiplication Gy x G[z] — G((z71)) is an open immersion implies the same for
Ko x K — K. As a consequence, the image of O° N Gr, — Ko\ Gr, is dense inside
Sé\u' The previous paragraph therefore shows that Grg)‘ﬂGr# — Ko\ Gr,, factors

through gé\u with dense image. It follows that gé\u is the scheme theoretic image of
this morphism.

Now suppose 7 < A with S;u non-empty. Combining Proposition 3.6 with the
openness of multiplication Ky x K° — K shows that, as v runs over coweights with
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v = v+ w(r) with w € W an involution represented by 7(g)g for ¢ € G, the images
of K°zu” N Gr, in Ko\ Gr, are each dense in a union of connected components of S3,.

Since v < A, we have v <. Thus, any such K°zu”NGr, is contained inside Grs"n Gr,,.
We conclude that S, C EQM. This finishes the proof since clearly gé\u CU,cn S O

For the remaining A > 24, i.e. those not in 2X,(T)" but of the form 7+ w(n) for an
involution w, we expect that S%H is non-empty. Indeed, computations made when p = 0

suggest that S2Au is irreducible (except in those cases described in Proposition 3.6) of

dimension n
2] 2
> 2%
1<i<n—1
for n; defined by A = 2u+ > 4 nic.
3.4. Ideal generators. Our goal in this section is to describe Poisson generators of
the ideal of SZSM)‘. We are currently only able to do this when 1 = 0 and we impose

this restriction throughout this section. In particular, ¥ : Ko\Gy — G5=! from (3.2) is
simply the map Koz — 7(x0)xo.

Notation 3.10. For i-tuples I,J C {1,...,n} recall A;; € O(Gy) is defined in Sec-
tion 2.2. Set
A}—J =A;;0V¥ € O(Kg\go)

and A;y) for the coefficient of z=" in this series. Thus A7, (Koxo) = Ars(7(x)z).
Of particular relevance will be the functions

(r) . AT (r) . AT
Ai T A{n—i—i—l,...,n},{n—i—&-l,...,n}7 Bl T A{n—i-i—l,...,n},{n—i,n—i—&-Z,...,n}

lying inside O(Ko\Go)[[z]].
Proposition 3.11. Suppose S C S is a symplectic leaf with X = 21991 Ai€; €
X (Tt not necessarily in 2X,(T)* and set
ri = (Wi, —woA) = —(An + ...+ Api1)
Then, as functions on S, AEZ{I) # 0 if rip is even, and BZ-(ffl) £ 0 if rip is odd.
Before giving the proof recall that if g € G[2]2*G|z] then, for each pair of i-tuples
I,J C {l,...,n}, the minor A;;(g) has z-adic valuation > (w;, —wy(A)). Furthermore,

for each 1 < ¢ < n there is an I, J for which this is an equality. In the proof of
Proposition 3.11 we will need the following more specific version of this assertion:

Lemma 3.12. Let A = Y, ... Nie; and suppose g € G[z]2*G[z] is such that
Afn—it1,..m} {n—i+1,..n}(9) has z-adic valuation A\, + ... + Ny_iz1. Then there are
1<r,s<n—1 for whic

A{r,n—i—l—l,...,n},{s,n—i—i—L...,n} (9)
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has z-adic valuation A, + ...+ \,_;.

Proof. The hypothesis on g says that if g = (% ) with W an ¢ — 1 by ¢ — 1 matrix
then det(W) has z-adic valuation A\, + ...+ A,_;41. Since the maximal minors of Z
and Y have z-adic valuation at least that of det W we can find matrices Y*, Z* so that

, (1 Y\ (X Y\[(1 0y _ (X 0
9"(0 1>(Z W) (Z* 1)‘(0 W)
Note A{T,n—i+l ..... n},{s,n—i+1,.. n}( ) A{rn i+1,.. n},{s,n—i—i—l,...,n}(g) for any 1< r,s <
n — i, as can be seen by considering the action of (}4") and (% {) on the relevant
element inside /\"C". On the other hand, the fact that (¥ 9.) € G[z]2*G|z] ensures
Apn—it1,..n} {sm—it1,..n}(9") has z-adic valuation A, + ...+ X\,—; for some 1 < 7,5 <

n —1. L]

Proof of Proposition 3.11. Argue by induction on i+ 1. If r; is even (or i = 0) then we
can assume the existence of Kyzg € K\Go with AZ(”) (Kozo) # 0. Applying Lemma 3.12
therefore produces 1 < r,s <n —1¢ with
T1(Ti )
A{r,ni;+l,...,n},{s,n—i-{—l,...,n}

non-vanishing on Kyxy. To prove the proposition in this case we will vary the point
Kyxg inside S by flowing along suitable Hamiltonian vector fields.

More precisely, we will use the following observation: If f € O(Ky\Go) and z € S7
is a closed point with

{f,9}-(x) #0

for some g € O(Ky\Go) then there exists a closed point y € 83 with f(y) # 0. Indeed,
S} being a symplectic leaf means that the tangent space T,S3 is spanned by the value
at x of the Hamiltonian vector fields on Ky\Gy, while {f, g}.(z) is by definition the
value of f on the Hamiltonian vector field associated to g at x. Since &} is smooth,
and hence reduced, it follows that the vanishing locus of f has codimension 1 in Sj.

Step 1. First, we claim zy can be chosen so that at least one of r and s equals 1.
Suppose for a contradiction that this is not the case. Then (3.3) and Lemma 3.1
together give

(AT | AT

{n—z,n—z+1,..A,n},{s,n—z—l-l,‘..,n}7 n—i,r

Al (1)
{ {n+1 n—i+1,...n},{s,n—i+1,...n}’ Anfi,r} oWV
r; (1)
{A{nJri n—i+1,...,n}{s,n—i+1,....,n}’ Arn z} oW
L\ r(rin)

9 {rn—i+1,...,n},{s,n—i+1,...,n}
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as functions on § (we remind the reader here that {—, —}- denotes the Poisson bracket
on Ky\Go pulled back via ¥ from that on G5=! obtained via Dirac reduction from the

bracket {—, —} on Gy). But by assumption A{T n”iJFL n}{sm_it1,.n) does not vanish

on § and so the argument of the previous paragraph produces a point in S on which

T, (Ti+1)
A{n_;_iﬂ _____ it ) does not vanish.
Step 2. If r;;1 is even then

A i) _ Arit1)
A{n tyent{n—i,..,n} — A{n—i,...,n},{n—i,n—i—‘rl ..... n}

inside O(Gy). This, together with (3.3) and Lemma 3.1 combine to give

Tz+1 Tz+1 (1)
{A{n iyen b {n—i,...,n}’ S n 2}7' {A{n iy.n}t{n—i,n—i+1,..,n}’ As,n*i} oV
o A TT’Z+1

{n—i,...,n},{s,n—i+1,...,n}

as functions on S. By Step 1 we know this function is non-vanishing, and so we produce
T7(Ti+1)

(it 1} {n—in—it1,..m} does not vanish.

a point of S on which A

Step 3. If instead ;41 is odd then we can assume s # n —i — 1 (since otherwise we are

done) and s # n — i (since then A{Tf”j;) it1m) fsmit1..ny = 0). Using (3.3) together

with Lemma 3.1 then gives the identity

T.(rig1) (1)
{A {n— :1 nt{n—i—1n—i+1,..,n}’ As,n—i—l T
_ (A1) (1) (rig1) (1)
o {A{n+1v onh{n—i—ln—it+1,.,n}’ Asyn*ifl} oV — {A{nii,...,n},{n—i—l,n—i—i-l,...,n}7 Anfifl,s} oW

— A rz+1

{n—i,...,n},{s,n—i+1,...,n}
Again, by Step 1 we know this function is non-vanishing, and so we produce a point of

T, Tz+1 :
S on which A{n it} i it 1. does not vanish.

Step 4. We conclude with the case r; is odd. By assumption S is non-empty and
so Corollary 3.8 forces ;41 to be even and \,_;;; = A,_; to be odd. The inductive
hypothesis gives Koz € Ky\Gy for which the series valued function

Azn—i—i-l,...,n},{n—i,n—i-‘,—Q,...,n}
has z-adic valuation 7;. On the other hand, the Desnanot—Jacobi formula [VV23] gives

(34) En—i,...,n},{n—i,...,n}Azn—i+2,...,n},{n—i+2,...,n} = Q= 6
for . -
Q= A{n it+1,... ) {n—i+1,. ,n}A{n in—i+2,...n} {n—in—i+2,...,n}
B A{n i,n—i+2,...,n},{n—i+1,..., n}A{n i+1,...,n},{n—i,n—i+2,....,n}
A priori the two minors in « have z-adic valuation > r;. In fact this mequality is strict

because r; is odd and so T-invariance forces the coefficient of 27" to vanish. Therefore,
the right hand side of (3.4) has z-adic valuation 2r;. But recall \,_;;1 = A\,_; and
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S0 2r; = r;y1 + ri1. We conclude that A{n i} i) and A{n 420} it 2.}
which respectively have z-adic valuations > r,+1 and > r;_q, in fact have exact z-adic

valuations ;1 and r;_;. In particular, AZ:{” # 0 on S and we are done. O

Corollary 3.13. Assume A € X.(T) can be written as n + w(n) for an involution
w € W. Then the ideal defining S5 inside O(Ko\Go) is the radical of the ideal
Poisson generated by the functions

AD for1<i<n—1andr > {w;, —wol).

Proof. Write Jg for ideal Poisson generated by the elements described, and V(J3) C
Ko\ Gry for its vanishing locus. Clearly 309 C V(J3) because if I, J are i-tuples then
A;y) vanishes on S whenever r > (w;, —wo).

For the opposite inclusion we claim that Jj contains all AT’(T) with 1 <4,7 < n and

sufficiently large 7. This ensures that the image of V(J3) under ¥ lies inside Gr'™™,

and so that V(J3}) is a union of the symplectic leaves S C Sj for varying 7. Grantmg
this, the corollary follows from Proposition 3.11. Indeed, if v o= Z1§zgn Vi€ > A =
Z1§ign Ai€; then there is a smallest ¢ with 7} := (w;, —wod) > (w;, —weA) = r;. If 7}
is even then Proposition 3.11 shows Alm) #0on Sand so S ¢ V(J3). If rl is odd
then Corollary 3.8 implies 7}, | = 7} — 7,—; = 7} — Yn—i1 is even. On the other hand,
since rj_; = r;— and 7} > r; we must have —v,, ;41 > —A,_;y1. Thus, v, | > r;yy and
Proposition 3.11 shows AE”*” # 0 on S, hence S ¢ V(J3) and we are done.

It only remains to prove our claim. If 7, 7 # 1 and r is even then Lemma 3.1 combined
with (3.3) gives {A] ) I’(-l)}T = A;:g-r) and

’7’ 1 r 1 T 1) T,(r 7(r
(AT, AT = (A ADY 0wt (A0, AR 0w = £ (5,470 — A7)

This shows Jj contains Aw for all even » > r;. On the other hand, if r is even then
(3.3) combined with Lemma 3.1 gives
{AZ(T), A’lrl,(Q) }7- _ {A(’I" Al(lz)} O\Ij Ali(?""rl)(s +A T+1)67,l _AT (T)Az;(l) _}_AZ;(T)A;?(D

1) )

We've already seen that the final two terms on the right lie in J2. Therefore AT g, —

AlT]?(TH)(S,;l € J3. Tt follows that A;’(TH) € J)ifi # 1l and r > ry is even. Since
AT,(T+1)

1

= 0 for r even this finishes the proof. O

We emphasise that it is essential to consider the radical of the ideal in Corollary 3.13.
For example, suppose A € 2X,(T)*. Then BYlH) vanishes on 83 but the ideal Poisson
generated by the Agr)’s for r > r; only consists of functions with loop grading > r; + 2
(since the bracket has degree —1 for this grading). We believe that this non-reducedness
can be eliminated by adding the Bfr"ﬂ)’
even.

s to the Poisson generating set whenever r; is
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Conjecture 3.14. The ideal of O(K¢\Goy) which is Poisson generated by the functions
o A7 for1<i<n—1andr> (w;, —wod),
. B}”H) whenever r; = (w;, —wo(N)) is even

1s reduced, and hence is the ideal defining SOS’\ inside Ko\Go.

4. SHIFTED YANGIANS

Below we recall the definitions and main properties of shifted Yangians for sl,,.

4.1. Drinfeld presentation. Given p € X, (T)%, let

We call H;(u) =>7, Hi(r)u”"1 the principal part of H;(u) (and use analogous nota-
tion for principal parts of other series). Also let

Ei(u) = FLZ E;T)u_'"_l, Fi(u) = hz E(T)u_r_l.
r=0 r=0

The p-shifted Yangian Y, 5 associated to sl,, is the C[h]-algebra generated by Hi(r), Ei(s),
FY (withz € I,7 > —a/(u), s € N), subject to the following defining relations:

(Hi(w), By ()] = —Lagp i) Bi(w) = Bi(0)]+

2%y

[Hy(w), Fy(0)] = Lari: Falw) = Bl
H,(u) — Hi(v)

[Ei(u), Fj(v)] = 6i;h= —,

u—v

(), Fi(w)] = s = B0

u AUu) — 14 (0) AUu) — v
15 (u). By(w)] = PR B = B BB =BTy gy
(u), Fj(u) — F;(v O F.(u) — Fi(v
Sym,, o, [Ei(ur), [Ei(uz), E5(v)]] =0 ([j —i]=1),
Symy,, o, [Ei(ur), [Ei(uz), E;(v)]] =0 (|j —i]=1),
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[Bi(w), B;(v)] = [Fi(u), )] =0 (a;; = 0).

We denote the specialization to h = 1, i.e., Y, ;/(h —1)Y,;, as Y,. If p =0, we also
abbreviate Y3 = Yy 5 and Y =Y.

4.2. PBW theorem. For each positive root ¥ = a; + aj1 + -+ o (j <), and
r > 0, set

r r 0 0 0
B = [l 1B B BALEY),
r 0 0 0 r
F) = [FO RO, [FOL F) -l

We call elements Egv),Fﬂ(C) and HZ-(S"), as BY ranges over AT, i over I, r > 0 and
s; > —a;(u), PBW variables. Fix any total ordering on the set of PBW variables.

Theorem 4.1 ([FT19, Theorem 2.55]). Ordered PBW monomials in the PBW vari-
ables form a basis of Y, as a free C[h]-module, as well as a basis of Y, as a free

C-module.

As a consequence of Theorem 4.1 (c.f. [FKPT18, Corollary 3.16]), given anti-
dominant coweights pi1, to, the shift homomorphisms
(4.1) v s pi2) = Yo = Yo e
defined by

g0 g ntm) g pteeln) ) | ey ()

are injective. In particular, if puy + po = —p, then o(u, p1, 12) yields an embedding
Y, =Y.

4.3. Canonical filtration. For the purpose of quantizing slices in the affine Grass-
mannian, one requires a certain subalgebra of Y, ;. Namely, let Y, be the C[A]-
subalgebra of Y, ; generated by

YT rI\T S SiZ_az‘v
(hBSY 70 ae URFSIVEY o U {hH s ),

This subalgebra also admits an alternative description as a Rees algebra, which we now
recall. By [FKPT18, §5.4], given a pair of coweights 1, 2 such that pq + s = p, there
is a filtration F7  on Y, determined by

deg ES) = Y (m) +7+1, deg F) = Y (ug) +7+1, deg H" = o) (1) +7r+1.

According to [FKP718], this defines an algebra filtration, is independent of the choice
of PBW variables and their ordering, and the corresponding Rees algebra Rees 112 Y,
is independent of the choice of coweights piq, fio.
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Theorem 4.2 ([FT19, Theorem 2.57]). For any p € X.(T)", there is a canonical
C[h]-algebra isomorphism
Y, = Rees i Y,.

Passing to the semi-classical limit, there are canonical isomorphisms
Y, /hY, = Rees™ine Y, /hRees w2 Y, 22 grfinu Y,
p p= It n==8 p

Moreover, by [FKP*18, Proposition 5.7], gr’ e Y, is a commutative algebra. It is
also naturally a Poisson algebra, with the Poisson bracket given by

{a,b} = i ta,b] mod kY,

for any lifts a, b. Finally, we remark that the shift homomorphisms (4.1) induce
monomorphisms of Poisson algebras

Yu/hYu — Yu+u1+u2/hYu+u1+u2'

4.4. Quantum duality. When p = 0, the algebra Y = Y, can be identified with the
Drinfeld—Gavarini dual of Y. Let us first recall the general definition of this notion.

Let a be a Lie algebra over C, and suppose that A is a deformation—quantization of
the Hopf algebra U(a), i.e., A is a Hopf algebra over C[A], and there is an isomorphism
of Hopf algebras A/RA = U(a). Let A and € be the coproduct and counit of A,
respectively. For m > 0, define inductively A™: A — A®" by

A=¢  Al=id, A"=(A®id®™Y)oAm L
Also define
Ot A — A®™, O = (id —€)®™ o A™.
The Drinfeld—Gavarini dual A" of A is the following sub-Hopf algebra:
A'={ae€ A|dn(a) € F"A®™ for all m € N}.

The importance of A’ derives from the fact that, according to the quantum duality
principle [Gav02, Theorem 1.6], A’ is a deformation—quantization of the coordinate
ring of an algebraic group G« associated to the dual Lie algebra a*.

Let us now return to the specific setting of the Yangian Y;. It is a graded Hopf
algebra, with deg(h) = 1 and deg(z(")) = r for x = H;, Egv, Fgv. The description of
the Hopf algebra structure can be found in, e.g., [FT19, (A.16)-(A.17)]. The Yangian
is a deformation—quantization of the universal enveloping algebra of the current Lie
algebra, i.e., Y, /hY; = U(sl,[t]). The latter is an isomorphism of graded Hopf algebras
if U(sl,[t]) is endowed with the loop grading.

Theorem 4.3 ([FT19, Corollary A.22]). There is a canonical C[h]-algebra isomorphism
Y, =Y.
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4.5. RTT presentation. The RTT Yangian }7,{“ for gl,, is the algebra generated by

4(8)

;i » where k > 1 and 1 <i,j <n, subject to the relations

(u —v)[tij(w), tra(v)] = Aty (u)ta(v) — tij(v)ta(u)),
where

t”(u) = (5@' + hztz(;)uir

r>0

Writing

T(u) = Z eij @ tij(u), P = Z eij®@ej  Ru)=1-Pu,

i,j=1 tj=1
where e;; are the usual matrix units, these relations can be rewritten as
R(u — v)Ty(u)Ty(v) = To(v) T (u) R(u — v).
For any formal series f(u) € 1+ 2C[A][[u""]], the assignment
(42) T(w) > f(u)T(u)

defines an algebra automorphism of Y. The RTT Yangian Y™ for sl, is the C[h]-
subalgebra of Y, consisting of all the elements fixed under all automorphisms (4.2).

Let Y™ be the Cla]-subalgebra of Y™ generated by {htg-)}’éiﬁn, and let Y™ =
Yt Yy,

Theorem 4.4. There is a C[h]-algebra isomorphism Y, = Y™, which restricts to an
isomorphism Y =2 Y,

Proof. The isomorphism is constructed by Gauss decomposition, see, e.g., [Mol07,
§1.11]. For the latter statement, see [FT19, Proposition 2.34]. O

In light of Theorem 4.4, we will, from now on, just use the notations Y, and Y.

5. SHIFTED TWISTED YANGIANS

Below we recall the definition of shifted twisted Yangians of type Al (in the current
presentation) and their main properties. While we are principally interested in the
twisted Yangians associated to sl,, we will also need their gl -version. The latter
has the advantage that it is easier to verify that the gl -version of the relations are
preserved by the twisted GKLO homomorphism defined in §7.
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5.1. Generators and relations. The Drinfeld presentations of the twisted Yangians
of split type associated to gl,, and sl,, (i.e., type Al) were first found in [LWZ23, Theorem
5.1, Theorem 5.3| via Gauss decomposition. A generalization to all simple split types,
excluding Gg, was established in [LWZ25, §4]. Presentations in terms of generating
currents, which are more convenient for our purposes, can be found in [LWZ23, Remark
4.12] and [LWZ25, §4.3]. Below, in the gl, case, we use a presentation with a slightly
different choice of Cartan generators than in [LWZ23, Theorem 5.1], which can be found
in [LPT*25, Proposition 5.3]. The definition of shifted twisted Yangians, based on the
Drinfeld presentation, was first given in [TT24, §3.2]. Later, an equivalent parabolic
presentation was given in [LPT*25, §8]. Below, we pursue the Drinfeld approach.
Given pu € X, (T)*, let

hi(u) = w25 W 4 p Z Pyt bj(u) = hz By

r=2¢) (1) r=0

for i € I and 7 € 1. We also set

hi(u) = (hi(u) ™ 2i(u) = hi(u — gh)hig ().

Definition 5.1. The u-shifted twisted Yangian t‘”?u,h of split type associated to gl is
the Clh]-algebra generated by R R ptt) (withi e, jel, r>2e (), s> —2€ (1)

and 1 € N), subject to the following defining relations:
(5.1) zi(u) = 2z (—u),
(5.2) [hi(u), h;(v)] =0,
5.3 10500 == (it 200 = b))
%hi(u)(l’i(v) —bi(—u — 3h))
+ 28 ) (b () — by (0)
+ 291 4 0 () ),
(5.4) [bi(u),bj(v)] =0 if [i — j| > 1,
5:5) ). B0)] = P (o) — b))+ () — 20)
(5.6)  (u—v)[bi(w),bir1(v)] = = h(bi(u)bir1(v) + bia(v)bi(u))

+ [, b ()] + B, ba(w)),
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and

(5.7) (u1 + uz) Sym,, ,, [bi(ul), [bi(us), bj(tﬂ] =
_ u(t —h) 2;(w)b;(t) — ult + h) b(t)z;(u)
= 4h u:uzl’m 4u? — h2

if li —jl=1.

We denote the specialization to h = 1 as tWEN/ The usual unshifted twisted Yangian

tWYh tWYO n. The u—shlfted twisted Yanglan tWY 1 of split type associated to sl,, is
the subalgebra of tWY 1 generated by b§ and z Vel s>0r>-2aY(y). We
also write ™Y, for the specialization of ™Y, , at h =1, and ™Y}, = ™Y} ;..

Consider briefly the special case when p = 0. Let Z(™Y};) denote the centre of ™Y}

Proposition 5.2. There is an isomorphism

twi\}h (Y tWYh ®(C[h] Z(tw?h).

Moreover, Z(™Y;) = C[h[c1, s, - - -], where
(5.8) clu)y =1+ hz cou” " = hy(u)ho(u — R) -+ by (u — A(n — 1)).

r>0
Proof. See [Mol07, Theorems 2.8.2, 2.9.2]. O
5.2. PBW theorem. For each positive root ¥ = a; + ajy1 + -+ a; (j < 14), and
r >0, set

b = 7, %, 8] )

Proposition 5.3. The algebra ™Y, has a C-basis consisting of ordered monomials in
the elements o ( a3 —a¥ ()
r)yr>0 2s;4+1)y si>—ay
{bQV}[gVEA+ U{z; et "
The same set is also a Clh]-basis of ™Y, .

Proof. This is proven in [LWZ23, Theorem 4.12] for the unshifted case, and in [LPT*25,
Theorem 8.2, Proposition 8.9] and [TT24, Theorem 3.2] for the shifted case. For
similar arguments in the untwisted case, see, e.g., [FKP*18, Corollary 3.15] and [FT19,
Theorem 2.55]. O

As a consequence of Theorem 5.3, for any n € X, (T)* with n < pu, the shift homo-
morphism
(5.9) () MY = MY, B e BT el )

tw

is injective. If n = p, we abbreviate ™i(u) = ™u(p, ). In particular,
realized as a subalgebra of the unshifted twisted Yangian ™Y} via ™¢(u).

Wk can be
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5.3. Canonical filtration. We are primarily interested in the following subalgebra of
the shifted twisted Yangian.

Definition 5.4. Let ™Y, be the C[h]-subalgebra of ™Y, generated by

r S; 8;>— a\/
(A} s U (a2 VG,
We will now give an alternative description of ™Y, as a Rees algebra, in analogy to
the untwisted case. There is a filtration )y on ™Y, ; determined by
degb(ﬂrv) =BY(u) +r+1, deg 2" = 20 () + 7 + 1.

Theorem 5.5. For any p € X.(T)", there is a canonical C[h]-algebra isomorphism

™Y, = Rees™ ™Y,

Proof. The proof relies on a comparison of Rees algebras with respect to the loop
and canonical filtrations, and is formally the same as the proof of [FT19, Theorem
A.32]. 0

Passing to the semi-classical limit, there are canonical isomorphisms
™Y, /h™Y, = Rees' ™Y, /hRees™ ™Y, = grfii ™y, .

Moreover, by [TT24, Lemma 3.3], grf# ™Y, is a commutative algebra. It is also natu-
rally a Poisson algebra, with the Poisson bracket given by

{a,b} = i ta,b] mod K™Y,
for any lifts @,b. Finally, we remark that the shift homomorphisms (5.9) induce
monomorphisms of Poisson algebras
tWL(,u) . tWY,u/htWYu SN tWYu—n/hthu—n'
5.4. Reflection equation presentation. The RTT twisted Yangian tw?,{tt of split

type associated to gl, is the algebra generated by s® where k >land 1< 14,5 <n,

subject to the relations
(u? —0*)[sij(w), su(v)] = Au +v)(sp(u)sa(v) — si;(v)sa(u))
— h(u =) (sin(u)s;u(v) = si(v)si;(u))
+ 12 (swi(w)sju(v) — sps(v)s(u))
)

7,]7

sij(u) — sij(—u
2u

u) = Z eij @ sij(u), sij(u) = 0y + Z ng)u '

ij=1 k>0

sji(—u) = sij(u) +h

Writing
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these relations can also be presented in matrix form:
R(u —v)S1(u) R (—u — v)Sy(v) = Sa(v) R (—u — v)S1(u) R(u — v),

S'(—u) = S(u) + 2=, = (=)

By [Mol07, Theorem 2.4.3], there is an injective algebra homomorphism
WYt Yt S(u) e TH(—u) T (w).

Moreover, by [Mol07, Theorem 2.10.1], this embedding endows tw?,{tt with the structure
of a right coideal subalgebra.

Theorem 5.6 ([Mol07, Corollary 2.4.4, Remark 2.4.5]). Ordered monomials in the

PBW wariables
{ 7,] }:>>]1 { QT)}:EZ]II

form a basis of tW}N/,{tt as a free Clh]-module, as well as a basis of WYt 45 g free

C-module.

We rely on the following key result linking the RTT and current realizations of the
twisted Yangian.

Theorem 5.7 ([LWZ23, Theorem 5.1)). There is a canonical isomorphism
(5.10) T: Wy, S vy
from the twisted Yangian WY, in the Drinfeld presentation (Definition 5.1) to the RTT
twisted Yangian ™Y ™, given by Gauss decomposition.

Let ™Y be the C[h]-subalgebra of ™Y generated by {hsg)}felﬁ Recall that,
when = 0, we abbreviate ™Y = ™Y,
Proposition 5.8. The isomorphism (5.10) restricts to an isomorphism

T % g

Proof. The proof is entirely analogous to the proof of [FT19, Proposition 2.34]. U

5.5. Ciccoli-Gavarini duality. When p = 0, the algebra ™Y, = ™Y, can be identi-
fied with the Ciccoli-Gavarini dual of ™Y},. Let us first recall the general definition of
this concept. We continue to use the notation from §4.4.

Let b C a be a Lie coideal, and suppose that B is a compatible deformation—
quantization of U(b), i.e., B C A is a coideal subalgebra over C[#], and there is an
isomorphism of Hopf algebras B/hB =2 U(b). The Ciccoli-Gavarini dual B" of B is
the following coideal subalgebra of A’:

—{a € B|dn(a) e mA® ™ V@ Bforallme N} =BnNA.
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The importance of B stems from the fact that, according to the quantum duality
principle [CG06, Theorem 3.3], B is a deformation-quantization of the coordinate
ring of the homogeneous space Gy /Gy

Let us now return to the specific setting of the twisted Yangian ™Y}. It is a coideal
subalgebra of Y;, and admits a grading with deg(h) = 1 and deg(z™) = r, for x =
zi,bgv (or deg sg) = r — 1 in the RTT presentation). The description of the coideal
algebra structure can be found in, e.g., [Mol07, (2.64)]. The twisted Yangian is a
deformation—quantization of the universal enveloping algebra of the twisted current
Lie algebra, i.e., ™Y} /™Y, = U(sl,[t]”), where o is the composition of the Cartan
involution with the map ¢ — —t. This isomorphism is an isomorphism of graded Hopf
algebras if U(sl,[t]7) is endowed with the loop grading.

Theorem 5.9. There is a canonical Clh]-algebra isomorphism
tWY’};‘\ Y tWYO

Proof. The claim will follow from Proposition 5.8 if we can show ™Y, = ™Yt For
the latter, one can apply the same argument as in [FT19, Theorem A.26]. O

6. SKLYANIN MINORS AND ABCD PRESENTATION

Drinfeld’s new realization of the Yangian admits a natural description in terms of
quantum minors [Dri87a, NT94, GKLOO05]. Below we deduce an analogous description
of the current realization of the twisted Yangian from [LWZ23] in terms of Sklyanin
minors. We assume p = 0 throughout.

6.1. Current generators as Sklyanin minors. For the sake of conciseness, we freely
use the standard definition, properties and notation for the Sklyanin determinant and
Sklyanin minors, as in, e.g., [Mol07, §2.5-§2.6], without recalling these in detail.

Recall the series f;(u),e;(u),d;(u) constructed by Gauss decomposition in [LWZ23,
(3.1)-(3.3)]. The following proposition allows us to express the current generators of
the twisted Yangian in terms of Sklyanin minors.

Proposition 6.1. We have:
filw) = sy 7w B = 1) (s (w4 G — 1)) 7
ei(u) = (sy(u+h(i — 1)) sy i (w4 (i = 1)),
di(u) = sy (u+ h(i — 1)) (sy72y (w + (i = 1)) 7
Hence
bi(u) = filu—5) = s w4 B = h)(sii(u+ B —h)
o dip(u—=%)  syiTi(ut+ Y =Ry (u+ )

zi(u) = NT T i 5 i
W= B) st B R i

2
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Proof. This follows immediately from the formulae in the proof of [LWZ23, Corollary
3.2] and [Mol07, Lemma 2.14.2]. O

We remark that, since e;(u) = fi(—u — ki), we also get b;(—u) = e;(u —

6.2. Relations. In this subsection, we will describe some of the relations between the
Sklyanin minors. Define:

Ai(u) = sti(u+ % — h), Bi(u) = s
Ci(u) = sy77 P Hu+ 4 — h), Dj(u) = s

Iﬁﬁfl,wl(u + % — h),
Tnn(ut g ).
Then, by Proposition 6.1,

Ai—i—l(u + %h)Al_l(U + %h)
Note that A;(u) satisfies A;(—u) = A;(u + h). If we set A;(u) = A;(u + $h), then
Aij(—u) = A;(u) and

Bi(u) = A;j(u)bi(—u), Ci(u) =bi(u)A;i(u), zi(u) =

() = A1 (W) Aiy (u)
(6-1) Zl( ) a ﬁ,(u — %h)sz(u + %ﬁ)

We will similarly denote X;(u) = X;(u + 1h) for X € {B,C, D}.
Recall that the Sklyanin comatrix S(u) is defined by

S(u)S(u—n+ h) = sdet S(u).

Lemma 6.2. The following entries of the Sklyanin comatriz are equal to the corre-
sponding Sklyanin minors:

St (w) = syTn o (w), Sun(u) = sprnzi(u),
Sn-1n(u) = Sizifm(u)? Snn-1(u) = 3%::2:% (1)
Proof. This is proven in the same way as [JZ24, Proposition 4.1]. O

Lemma 6.3 ([Mol07, Proposition 2.12.3]). The map
S(u) ~ S(—u+ " — p)
1 an automorphism.

Let X;(u) = X;(—u+3h) for X € {A, B,C, D}. Applying the two lemmas above, we
get the following analogue of [GKLOO05, Proposition 2.1] and [NT94, Proposition 1.2].
Note that the list below is not necessarily exhaustive, i.e., we expect more relations are
needed to get a full presentation.
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Proposition 6.4. The following relations hold:
(u® = *)[Ai(u), By(v)] = hlu + U)(A (u)B
— h(u — v)( (u)BZ(v — A;(v)C
+ h2( (u

(u® = v*)[Bi(u), Ci(v)] = hu +v)(Ai(w) Di(v) — Ai(v) Di(u))
— hi(u —v)(Bi(w)Ci(v) — Ci(v) Bi(w))
= 12 (u+v) " (Ai(u)Di(v) — Ai(v) Di(u)),

Proof. This follows from Lemmas 6.2-6.3 and the RTT relations in the twisted Yangian

(see, e.g., [Mol07, Proposition 2.2.1]).

7. TWISTED GKLO REPRESENTATIONS

In [GKLOO05], a remarkable family of representations of Yangians, quantizing moduli
spaces of monopoles, was introduced by Gerasimov, Kharchev, Lebedev and Oblezin.
Today they are commonly known as ‘GKLO representations’. They were later general-
ized to the cases of dominantly [KWWY14] and arbitrarily [BFN19] shifted Yangians.

25

O

Below we construct analogous representations for the shifted twisted Yangians ™Y, ;.

7.1. Difference operators. Fix a dominant coweight A € X, (T)" with p < A, and

set m; = w, (A — p) and \; = o (A). In other words,

n—1 n—1 n—1
A= Z/\z‘wu M:Z/sz', /\—Mzzmiai-
i=1 i=1 i=1
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Note that, since p < A, each m; is a non-negative integer. Moreover, we have the
identity

(7.1) A — pi = 2m; — ng’,
i

where j ~ ¢ means that j and ¢ are connected by an edge in the Dynkin diagram. Let
Dﬁﬁ be the C[h]-algebra generated by

o%k,ﬁ (fori e Tand 1 <k <my),

o ((yir +7h)* = (yig +sh)?)7, (for k # L and r,s € Z),
o (v £ gh)*l (for r € Z),

subject to the relations
1B 3] = i5ij5kzhﬂf;j, YViks Vit = 0 = [Bik, Bial, 52 =

The algebra Dﬁﬁ has a natural representation on the space

Poly = ClR)[yoks (o +7)* = (i + s0)*) ™, (v + 50 7 i s

+hdsy, |

where 7, acts by multiplication and Bﬁ} acts by the difference operator e . In

analogy to [KWWY 14, Proposition 4.4], there is an isomorphism of Poisson algebras

h/hDu B (Ch/i,k? i, k> (i + Th) (vig + Sh)2)_1> (Vig £ gh)_l];‘"gflzgk;ﬁlgmia

where the only non—trivial Poisson bracket between the generators on the RHS is
{ zk’fyl k} iﬁ

7.2. Auxiliary relations. We begin by defining some auxiliary operators in Dﬁ’h and
describing the relations between them. Let us abbreviate & = 71 + h. Choose
polynomials

A

Ri(u) =[Jw =2 (€D,

k=1
where 7; ;, are arbitrary complex numbers. Define
mH_l (7@ k ('Yi—i-l,l + %h>2) mz 1(’)/7, k+ Yi—1,1 + h)
2(vik — %h) Hl;ﬁk(%‘,k - 'Yi,l)
MGk — (i + 30)
2(Yi + %h) Hl;ék(gzk - 121)

The following lemma follows easily by direct calculation.

uﬁ’

(7.3) %;,k = Ri(&ix) Bix € Dﬁ,h
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Lemma 7.1. The following relations hold:

(7.4)  [sig, 1] = —h0i0k i, (54} > Vi0] = 70ij0n 54 .,
1 1
_alzh —_alh
75 %’L',k7%',l — L %‘,h%i,k s %/Z 7%/. = %/. 7%7/: 2—‘77
(15) sl = i, eyl = 2
1
sa;ih . .
(7.6) |5k, %;‘,z] = —’Y‘k _T_ ’Y]'z T h[%i,lm %;;z]Jr ((17 k) # (J7l))7
Z? ]7

| P 12 ('Yzzk — (Wt %h)2)
A(Yik = 3h) ik + 51) [ (e =003 — €0
[—in [T:2( o~ (i + o)
(& — %h) &k + %h) Hl;ék( 12k - 7?,1)( 12k - zl)

(7.7) gy = Ri(yig)

(7.8) s yon = Rz‘(fi,k)4

Relations (7.5)—(7.6) can also be reformulated as
(7.9) (Vi = Wit = 3ail) 2 pst0 = (Yige — Via + 3aii70) 3250560,
(7.10) 670 (Ve — Vi + 5aih) = 250k (ik — 10 — 3aih),
(711)  (ak + v+ (1= 3ai)h) s, = (g + Y50+ (1 + 5ai)h) 5 1560k
For later convenience, for ¢ # j, abbreviate
Ak — 51) (Vi + 3h) 2054
Vor — (v + 3h)?

4(&i — %h) (i + %h)%;k%i,k

Sl —
" & — (&1 + 5h)?

j7l j—
o T =

7.3. Twisted GKLO homomorphism. Below we define an analogue of the GKLO
homomorphism for shifted twisted Yangians.

Theorem 7.2. The assignment

( ) (u) ;u_%k%,k—i— U—i-%k%—h%“k
i—1 i v
- —1-j [Tt (u? = (viw + 310)%)
7.13 hiu — 4my R(u—"* 1 ip _ 1kfl , )
( ) " ]1_[1 o ? ) e (= vic ) (u+yicy + R)

defines a homomorphism <I>f;: Y — D;);,h'

We define the A-truncated p-shifted twisted Yangian twi}u’\ﬁ to be the image of tW}A}%h

under (I);/\r We refer to the pullback by <I>;> of the natural representation Polz’h of Dﬁﬁ

as a twisted GKLO representation. Restriction also yields representations of ™Y/, , and
*Y,. Let ™Y, (resp. ™Y}) denote the image of ™Y}, ; (resp. ™Y ,) under ®,.
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7.4. Relations check. We prove Theorem 7.2 by explicitly checking that <I>l’) preserves
the relations from Definition 5.1. Relations (5.2) and (5.4) are immediate.

7.4.1. Range of powers. We first check that the operators on the RHS of (7.12)—(7.13),
when expanded in u~!, have the correct range of powers. The RHS of (7.12) lies
in u~'D;;[[u""]], matching bj(u). On the other hand, the RHS of (7.13) lies in
uP D), [[u]], where

w,he
i—1 i
p:2 <Z)\]+ml—mz_1> _4m1 :_le_‘_QZM]:_Qe;/(/'L)’

j=1 Jj=1
by (7.1), and the coefficient at the top power is 1, which matches h;(u).
7.4.2. Relation (5.1). It follows directly from (7.13) that

i—it+1 7]::]1 u? — Js %h ?
(7.14)  zi(u) = (hi(u — 57)) " higa (u) = Ri(u) H”Zn_illgﬁ _(72,6)((:2 k_+2k)) :

Since (7.14) involves only even powers of u, (5.1) follows.

7.4.3. Relation (5.3). Given (7.4), it suffices to prove (5.3) in the case where m; = 1,
Aj = 0 and mj4; = 0. Therefore, in this subsection we will omit the second subscript
on v and s.

First consider the case i = j. Let us calculate the LHS of (5.3):

(W= (i +35h)?) (W= (+3h)°)

hi(u)bi(v) = o= » + T P

P ot Ot 10 B Uil 6/t LU D

bz(v)hz( ) - (’U — ’77,) ) (U ot h) 0
[h‘l< )761( )] (U_/%> (4 (U—F’%—i—h) I

Next, we compute the RHS:
(u? = (v + $h)?)(u + v + $h)
(v =) (u A+ + 3h)
(u? = (i +3R)*)(wt v +30)
(07t W—m— k) ©
(u® — (i — 37)*)(u — v + 3h)
(v =) (u— "+ 5h)
(v = (v + 30 (u—v+3h)
(v + 7 + h)(u+; + 2h) i

hi(u) (bi(v) = bi(—u — 3R)) =

2

7

(bi(v) = bi(u+ 5h)hi(u) =

i
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Hence
hhi(uw) (0i(v) = bi(—u — 5h))  Ta(bi(v) = bi(u+ 3h))hi(u) =2k oy 2Ot h)

u+v+3h u—v+3h (v—"y)"" (w+y+h "

as required.
Now consider the case ¢ = j + 1. Let us calculate the LHS of (5.3):

1 1 ,
) = G S+ 1) o T R ) )
by (0)h 41 (r) = ! 5+ ! y
A (=) u—2+h)(u+y)""  (v+y+h)(u—"—h)(utry;+2r)"7
) b ()] = 2hey; »
il b= e = A =28
2h<7j+h> s

(v = W) = (5 P2 — ) (w+ 5 + 2h)
Next, we compute the RHS:

U+ v
WG =) = G ey )
u—+v ,
T ot B =) = O+ )
(5(0) = b)) = s s
P R (R T2
Hence
by (v) = bi()hs(u) _ by (u)(by(v) = by(—w) _
u—0 U+ v
2hy; 2h(7; + 1) /

(v =75)(u? = 37)((u+ R)* = 77)

as required.

(v = W) = (5 + 2)(u = )y, 20)

7.4.4. Relation (5.5). We first calculate the LHS:

)] = Y Ao — u) o

— (u— Vi) (U = Yig) (W — Vi + R)(v—Yir + R

N Z (v —u)
— (u+7in + ) (v + g + A)(u + Yie + 20) (0 + 7ik + 2h)

(”2,192
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i Z (v — U)(%‘,k - 'YiJ) i
k# — i, k U - %‘,l)(U - %k)(u - %gz)

~ 3", (v —w) (Vi — 7ia)
okl (U + i) (0 +3i0) (v + Yig) (W + vig)

kAl
+Z _ e 7lh ) h[ i,k,%i,z]
k;él ’sz v '7zk)(u+'71l+ )(U+'Yzl+ )
271 E\V ) /
+ Z — % J(o? = ka) Hi kP
_Z 20 + F)v — u) i g
(W2 = (yor + 1)2) (V2 = (o + 10)2) 7"
Let us denote each of the seven summands above as Xy, -+, X7, counting from the
top.
We now pass to the RHS of (5.5):
v—u v—u
biu—bil}: %z+ %27
) Ek: (=)0 =7i8) " WAk + D)Wk R)
2
biu—biv 2= (U_U) %22
) =B = ) e S = = s T = T
(U — u)2 /N2
+ 7,
2 T TR T R e T IR i 2 )
(v —u)?
+ M ki
Z (= i) (0 = Vi) (@ — Yia) (v — Yia)
(v —u)?
+ %’L %’L
; U A i) (0 i) (i) (0 + i)
(U B u)2 /
+ Xk, ¥
kzﬂ u_r)/zk U_’yzk>(u+7zl+h><v+/yzl+h)[ g 7l]+
U B u)2 /
+ 7 k5
Z - ’71 k - Vzk) *
(U — U’)Z /
+ 2 1 Mk
Z (Vi + B2 (02 = (i + B)2) T HHE
Let us denote each of the seven summands above as Y3, - - -, Y7, counting from the top.

We see immediately that X; = vfu

and Xo = -LY5. Relations (7.5)~(7.6) also
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imply that X3 = %YE;, X4 = &Y% and X5 = %Yg Therefore, to establish (5.5), it
suffices to show that
2

2(Yik — lh)( —u?) 2(vik + 5H)(0* —u?)
(7.15) 2 5 1 g — 2 AT
zk: (u? =72 (v = 72) * Zk: (u? = &) (v = &) *

= h(z;(v) — z;(—u)).
Let us first calculate the LHS of (7.15). Using relations (7.7)—(7.8), we get
1 1 Ri(vi - 2 (v, = (v + 3h)?
1) LS - 3 ( . ) (6) T T4 (02 — (s + 30
Vik

. u? — %'Q,k 2(’Yi,lc + %h) Hl;ﬁk(%‘%k - %‘2,1)(’7@2,19 - fzz)

n Z 1 _ 1 Ri(&ie) [Ljmin L% (& b — (v + %h)Q)
B vP—=& =& ] 20+ ) Hl;«ék( &)

-V z)( il

Next, we compute the RHS of (7.15). Applying partial fraction decomposition to the
denominator of (7.14), we get

—hzi(u) = i Ri(u) [Tjzia [T2 (uw? = (vju + 3h)) 1
' _ 2(yip + %h) Hl;ﬁk(%z,kz - %‘2,1)(%‘2,1@ - fl) u? — ’Yﬁk
B i R;(u) Hj:iil [T2 (6 = (0 + 3% 1
—1 2(vik + %h) Hl;ék( fk - %‘2,1)( sz - 121) u? — z2k

The result now follows by comparing the ‘u-part’ of (7.16) with the principal part of
(7.17), considered as Laurent series in u=2 (with analogous comparison for the ‘v-part’).

(7.17)

2
This follows from the fact that the principal parts of 2) and u’;(jg coincide for

z k i,k

any polynomial p(-).

7.4.5. Relation (5.6). It suffices to prove (5.6) for m; = m;y; = 1, so we drop the
second subscript on v and s. The LHS is:
(u = v)[bi(u), by (v)] =

U —v U —v
(5, #iy1] + [, %H]

(v — ) (v —it1) (u + ) (v + Yi41)
N u—v [ ]
(=)0 T B 7
+ vy [, #;41]
(0= i)+ +h) T
On the other hand, on the RHS,
—1p —1h

—5hlbi(w), bipa (v)]4 = )[%i, sl + [, 7]+

(u =) (v — i1 (u+ %) (v + Yit1)
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1
~1in
(v =) (v +yis1 +
1
+ L
=)+ 7+

+ )[%17 %zl'-i-l]Jr

)[%:7 %i-i-l]-i-a

and
U—v =%t %
(u+ 7)) (v + Yig1)

— U+ Viy1 — Vi ;o
b('O)?bi V)| + b('o) ybi(u)] = — M, M| T |2, X

[z +1( )] [H—l ( )] (U—%)(U—%H)[ +1] [ i z+1]
v —h,
+ ”;, %

(u—7)(v+ g1 + ﬁ)[ +1]

u—v+7%+%p+h

(v = Yig1)(u + i + 1)

The result is now implied by the identities

[%'27 Hit1).

[%27 %£+1]+7

54, #4ia]+

(Vi1 = i) [56, 3¢i41] = %h[%i, Hival+, EZ %£+1](%' —Vit1) =
(Vi1 + i + h) 36, 1) = =3R4, 5444, (i1 + 7 + h)[5e, 2t41) =
which follow from (7.5)—(7.6).

sh
ih

7.4.6. Relation (5.7). Without loss of generality, we may assume j = i + 1. Consider
the LHS of (5.7) as a (degree 3) noncommutative polynomial in >k, 56}, 564 1.m; 541 -
First, we show that the sum of monomials not containing both 3¢ and s, (with the
same second index) vanishes. Such monomials come in four different types:

: - b P

(1) monomials containing sk, 561, #it1,m OF 3, % 1, %41, (if & = [ then the
associated variable occurs twice);

(2) monomials containing s x, 561, 56, 1 ,, OF 51, % 1, %ix1m (K # 1);

(3) monomials containing s¢; ) with multiplicity 2 and s, ,, or s, with multi-
plicity 2 and ¢;41 n;

(4) monomials containing sk, 56, (k # 1) and 5641, OF 56,4,

The vanishing of the sum of all monomials of type 1 follows directly from the argument
in the non-twisted case, i.e., [GKLOO05, Lemma 3.1] or [BFN19, B(vi)]. For the other
cases, we will need the following lemma.

Lemma 7.3. The following identities hold:

[%i,kn [%i,ka %§+1,mﬂ =0,

=R (Vik + Yig + 2%i41,m + 2R)
(Yik + Viom + 5) (it + Vi + 5) ik — Yia + B

[%i,ka [%i,la %;—&-l,m]] = )%i,k%i,z%gﬂ,m,
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B2 (Yiy — Yik + 2%it1,m + B)

(Yit1,m — Yk + %)(%,z + Yik + 20) (Vigr,m + Yig + %)
=R (Vig — Yia + 2Vig1,m + 1)

(Yig1,m — Yig + 3)(%,1 + Vi) Vit 1,m + Yik + %ﬁ

[%i,k:a [%;,la %i+1,m]] = %i,k%:;,l%i—f—l,ma

[%Q,ka [%z’,l, %i+1,m]] =

for k #1.
Proof. The lemma follows by direct calculation using (7.9)—(7.11). O

/
) 2 ki1 i 1,

Since

1 1 1
7.18) Sym Hi ks i ks oo =

1
ur = Yig + 1) (ug — yig)(t +vip + R
the first formula of Lemma 7.3 implies that the sum of all monomials of type 3, con-
taining s¢;;, with multiplicity 2 and s, ,,, on the LHS of (5.7), vanishes. It is clear
that the other subcase, i.e., monomials of type 3 containing s, with multiplicity 2
and 1 m, can be handled using an analogous argument.

In the other cases, a similar calculation to (7.18) also shows that one can ignore the
denominators, such as ul_l —, in front of »,,, 4., Let k # 1. Then g5 3¢, =
Yik =i —h
Yi,k Vil R
[k, [0, 71l + [540, (%6, #41m)] = 0. Hence the sum of all monomials of type 2
on the LHS of (5.7) vanishes.

Again, let k # [. Then g 5 53¢ 11m =

= Symuwz ( ) [%i,ka [%i,ka %Z{H,mH,

ik i1 %1 my and  the second formula of Lemma 7.3 implies that

’Yi:llf’j:jll?ﬁ
fourth formulae of Lemma 7.3 imply that [s; , [%g,l, Hiy1m)] + [%gyl, (% ks #ig1m)] = 0.
It follows that the sum of all monomials of type 4 on the LHS of (5.7) also vanishes.

We will now prove that the sum of the remaining monomials equals the RHS of (5.7).
We will need the following lemma.

Lemma 7.4. The following identities hold:

i 1% #iy1,m, and the third and

13 oitl,l

/ / /
M kA p Hit 1] — 2 e A1 1% g T i1 1k g = —7 n T7 it Ll
ik T 5
1 3rmit1]
/ 25/ / _ §hTz‘,k
K kM1, — 22 p M1 1 M0k T K115 p Mk = —7 n 1h%z‘+1,l,
ik T35

1 i+1,1

/ / / / / / /
Kk ¥k Hip 1 T 2HikHi 11k T K11 ik g =

B
1 i+1,00

Yi.k + §h

1 pritll

§hTi,k /

—_— .
1 i+1,0
5h

/ / o / / .
2w ik Higg T 2 i 1 Hk T K ik = Yr
ik
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Proof. We have
%‘2,k = (Vi1 + %h)2 i+1,1
Ak — D) (i + 5h)
(Yik — %h)Q - %‘2—1-1,1 i
i +1,05
A(ik — ) (i + 5h)
%Q,k = (Vi1 — %h)Q Githl
i i+1,0-
Ak — 3B (i + 30) 8 T
The first identity of the lemma now follows from the fact that
(Vi = (irrg + 30)%) = 2((vike — 57)° = via) + (i — (irra — 31)*) = 28(vip — 3h).

/
Hi k2 | Li+1,0 = Hit+1,0s

/
M ki1, ) =

/
Hi+1,1%0,k7% ) =

An analogous argument establishes the other identities. 0
Lemma 7.4 implies that the LHS of (5.7) is equal to
huS huT
LHS = 2 bl (t) + Lk b (t) ]
= (Cehemt 2 g I

where .

Boo(t) = it

() b —Yit11 R Yit1,1 + R +L

On the other hand, using (7.14), and the fact that
((t = 1) zi(w)stip1g — (E+ h) sg1102(w)) =
h(<—2U2 -+ %Fﬂ) -+ 2’Yi+1,l('7i+1,l — t))
= > 1712 zi(u)%i+1,la
u? — (Yis10 + )
((t = 1) zi(u)sgiyr g — (E+ R) sy y2i(w) =
CB((—20® + 52) 4 2610 (Eir + 1))
u? = (Yip1 + 3h)?

Zi<u>%zl'+1,l>

we conclude that
(t —h) zi(w)bir1(t) — (¢ + ) bisa () 2i(u)

4u? — h? —t
i 1 mg 1
= — Y Ri(u) [ (v~ m‘lﬂ:njr 573)2) 1_2[1;&;:121 (u? 2— (Vi1 + 571)%)
! 2[5y (v — m)(u — Zk)

where =, denotes the equality of ¢-principal parts. A partial fraction decomposition
argument, analogous to §7.4.4, completes the proof of (5.7). This also concludes the
proof of Theorem 7.2.

biga (1),
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7.5. Symmetrized representation. Our definition of the operators (7.2)—(7.3) is
obviously asymmetric. This asymmetry can be resolved at the cost of working in
a certain quadratic extension of Dﬁﬁ. More precisely, let Zu)ﬁh be the C[h]-algebra
generated by

° %k,ﬁﬁl (fori e Tand 1 <k <my),

o ((vik +7h)*— (vig +sh)®)7L, (for k #1 and r, s € Z),

o (Vip £5h)7! (for r € Z),

o (Yik — Yix1s + %ﬁ)% and (i k + Yix1 + gﬁ)%, (for r € Z),
subject to the relations

[ f;jﬁj,l] = i5ij5kzhﬁfk1, ik Vi) = 0 = [Bi, Bl 5321533 =L

Let us fix a root v/—1 of —1. In the definition above, we choose the roots consistently,
so that, e.g.,

[NIES
[NIES

= V—=1(Vig1,0 — Yik)?-

(Vik — Yis1.)
Then we can define
mi_ 1
o 1 Hje{i:l:l} [1.= I(Vzk = (ya+ %h)Q)Q
ik = (Ri(vi))? i 2 2
2(%ix — §h) Hz;ék(%,k - %,l)
m;— 1
1 Hje{z’:l:l} IT.5 1(5‘2,k — (v + %h)2)2
2(Yi + %h) Hz;ék(fzk - 5121)
One easily checks that Lemma 7.1 still holds if we replace »; ;< 3¢, and 52, <> 3¢ ;. In

particular, carrying out appropriate modifications throughout §7.4, we get the following
version of Theorem 7.2.

-1 A
ﬁi,k € D/Lﬁ,?

%gk = (Ri(&ix)) Bik € Dﬁh

Corollary 7.5. The assignment

— 1 1
bi(u) L —
() ;U—%,k * T

i—1 m
hi(u) — u A H Ri(u — iz1=j h) ‘ k:l(u2 - (%,k + %h)Q)
j=1 ’ ? o (= im) (w4 e + h)

; HA . twys M)A
defines a homomorphism ®;,: ™Y, — Dy .

Remark 7.6. The symmetric formulation with square roots is somewhat more natural
from the point of view of Gelfand—Tsetlin theory, see, e.g., [GK91] and [LP25, Theorems
4.3, 6.1].
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7.6. ABCD formulation. Throughout this subsection, let 4 = 0. With a view to
geometric applications, it is convenient to reformulate the twisted GKLO representa-
tions in terms of the ABCD presentation from §6.

Corollary 7.7. The twisted GKLO homomorphism ®}: tw%ﬁ — Dé\,h 15 uniquely de-
termined by the following formulae:

mg

Ai(u) = u™m [ [ = (v + 300,
k=1
Bi(u) — —u~2m Z H (W = (g + 3h)?) ((u — Yig — 3) 54k + (w+ Yig + %h)%;k>,
k=1 k£l=1
éz(u) g2 Z (%ivk(u — Yik — %ﬁ) + %;’k(u + Yig + %h)) H (u2 _ (%‘,l + %h)2)
k=1 kAl=1

The symmetrized twisted GKLO homomorphism Ci%: tW%,h — Dé‘ﬁ is given by the same
formulae, with replacements sy, < > and s, <> 5.

Proof. This follows directly from Theorem 7.2, Corollary 7.5, as well as comparing
formulae (6.1) and (7.14) (the former needs to be twisted by the action of the central
element c(u) — u=2% R;(u) from (5.8)). The normalizing factor u=>™ is used to ensure

A;(u) is a series of the form A;(u) =3, ., APy =k, O

We can now, at least partially, characterize the kernel of the twisted GKLO homo-
morphism.

Corollary 7.8. The following elements are in the kernel of ®}:
o AV B C) forr > 2m,.

Proof. The statement is immediate from Corollary 7.7. U

8. GEOMETRIC REALISATIONS

Here we show that the shifted twisted Yangians from Section 5 and their truncations
defined in Section 7 quantise the Poisson structures discussed in Section 3.

8.1. Quantisations via RTT generators. It follows from the discussion in Sec-
tion 5.4 that ™Y,/h™Y| is generated as a C-algebra by elements sg) with1 <i,j<n

and r > 1 subject to relations sg) = sx)(—l)r. If sij(2) = > 50 sg)z*’" for

1 i=j
S = ,
J 0 otherwise
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then the Poisson bracket on ™Yy/A™Y induced as in Section 2.3 is described by
(u® — v*){si5 (), s(0)} =(u+v) (51 ()53 (v) — s30(w)s;(v))
(8.1)

— (=) (s (w)s(v) = si5(w)sus(v))

for variables u, v.
Proposition 8.1. The map of C-algebras
WY, /Y, — O(Ko\ Gro)
given by sg) — AJT-;(T) (recall Notation 3.10) is a Poisson isomorphism.

Proof. Clearly the given map is an isomorphism of commutative rings. Recall from

Section 3 that {—, —} denotes the Poisson bracket on Gy, while {—, —}, denotes the

Poisson bracket on O(K(\Gp) obtained via ¥ from the Dirac reduction of {—, —} on
7=!. Lemma 3.1 and (3.3) then combine to give

(w? = )AL (), A (v)}r =(u — 0*){Ay(w), A(v)} o ¥
W = o) {Aji(—u), Ag(v)} o

(A% ()AL, (v) = AF; (u) A (v))
(AT (—u)AT;(v) — AL(—u)Af(v))
(AZZ(u)AZJ( ) — AL ()AL (v))
( v) = A (u)Af(v))
r)

Comparing with (8.1) shows that s, )y A as anti Poisson (i.e. maps the bracket on

Yo /™Yo onto —1 times the bracket on O(KO\QQ)). Since the association sg) — 35-:)
is an anti-automorphism of ™Y, see [Mol07, Proposition 2.3.4], the claim follows. [

Remark 8.2. The existence of the isomorphism in Proposition 8.3 can also understood
conceptually from the viewpoint of [ KWWY 14]. Specifically, KWWY 14, Theorem 3.9
produces a Poisson isomorphism ¢ : O(Grg) — Yo/hY, where Y, denotes the C[A]
form of the sl,, Yangian. This isomorphism identifies the universal matrix on Gry = G
with the transpose of the matrix T'(z) € Mat(Y/AY)[[z7!]] of RTT generators. As a
consequence, the isomorphism from Proposition 8.1 fits into the following commutative
diagram
O(KQ\ Gro) E— O(Gl"o)

| |

tWYo/htWYO E— YO/hYO

in which the lower horizontal embedding identifies ™Yo /A™Y( with the subalgebra of
Y, /hY, generated over C by the coefficients of the entries inside T'(2)T"(—z) [Mol07,
Theorem 2.4.3].
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8.2. Quantisations in the shifted setting.

Proposition 8.3. Let p € X.(T') be dominant and recall the shift homomorphism
Mi(p) ™Y, = ™Yy. Then there is a commutative diagram of graded Poisson C-
algebras

O(Ko\Go/U™#) —— O(Ko\Go)

| |

tWYu/htWYu "e(p) thO/hthO
whose right vertical arrow is the isomorphism in Proposition 8.35.

Proof. The image of ™Y ,/h™Y , inside ™Y,/h™Y, under the shift homomorphism is
Poisson generated by the images modulo £ of the element hbgr) € ™Y, for r > (o, u)

and the hzi(r) € ™Y, for r > 0. On the other hand, Proposition 6.1 implies that the
isomorphism in Proposition 8.3 identifies the series

Ai1(w)Aiya (u)
Ai (U)2 ’

hzi(u) = hbi(u) = B;(u)A;(u)

for A;j(u) = Y00 Au, Bi(u) = .00 BV u™ and A" B as defined in Sec-
tion 3.4. It is easy to see that each coefficient in A;(u) lies inside the subring
O(Ko\Go/U*) since the trailing principal minor of any g € G is invariant under
left multiplication by U™ and right multiplication by U~. On the other hand, if
Kor € Ko\Gy then b;(Kox) is the ¢,7 + 1-th entry of the matrix f € U, obtained
by factoring 7(xz)z = edf as in (2.1). It is easy to see that the coefficients in this
series of degree < (o), u) are invariant under the right action of 4/ ~*. We conclude
that, under the identification of Proposition 8.3, the image of ™Y ,/h™Y , lies inside
O(KO\QO/Z/{_’“).

It remains to show this inclusion is an equality. For this it suffices to observe that
both have Hilbert series for the loop grading given by

it 1
H H (1 —t9) (HW)

avVeAt g>{(aV,u

For O(Ky\Go/U*) this is easily seen using the isomorphism
Ko\Go/U " 2= (UF, x To x U;)

n (3.2), while for Y ,/A™Y,, it follows from the description of the PBW basis in
Proposition 5.3. 0
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8.3. Quantisations of truncations. Here we take = 0 and consider A\ € X, (T)".

Then Theorem 7.2 produces a surjection ™Y, — ™Y}, and hence a surjection
Yo /Y — MY/ RNY.

Theorem 8.4. There is a commutative diagram

“Yo/h™Yq O(Ko\Go)

| |

MYR/RY —— OS5 Y)

Prop 8.3
e

whose bottom horizontal arrow is an isomorphism modulo the ideal of nilpotent elements
in ™Y} /h™Y}.

Proof. Write I for the Poisson ideal obtained as the kernel of the surjection O(Ky\Go) =
Yo /E"Y — ™Y /Y. From Corollary 7.8 we see that

Uy(47) =0
for r > m; := (w;,2)). Since m; = (w;, —wo(—we(2X)) it follows that I contains the
ideal described in Corollary 3.13 when applied to the dominant coweight —wg(2)\).
Thus, the vanishing locus V(I) C Ky\Gy of I is contained in SOS_wO(Q/\). If this contain-

), Indeed, Proposition 3.11 asserts

ment were strict then I could not contain any AZ(-mi
that these functions are units in O(Sogfwow‘)). However, it is clear from Corollary 7.7

that W) (A™)) 0, so we are done. O
Theorem 8.5. Suppose that Conjecture 3.14. Then:

(1) The bottom horizontal arrow in Theorem 8.4 is an isomorphism.
(2) ™Y is the quotient of ™Y, by the two sided ideal generated by the RA™ s for
r > r; = (w;, 2A\) and the hBi(”H) for each 1 <i<n-—1.

Proof. The argument is identical to that proving [KWWY14, Theorem 4.10]. Let
K C ™Y, denote the two sided ideal described in the theorem. Then

K/hK CIC J)
A : : <—wo(2X) tw tw <—wo(2X)
for J§ the ideal defining S and I the kernel of ™Y,/E"Y, — O(S, ).

On the other hand, the proof of Theorem 8.4 goes through with I replaced by K/hAK
since Corollary 7.8 clearly shows that

Uy(B) =0

for r > (w;,2)\). Thus, K/hK has radical equal to J3. But Conjecture 3.14 asserts
that K/hK is already reduced, and hence K/hK = I = J3 which gives part (1). Part
(2) then follows from an application of Nakayama’s lemma. 0
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[BFN19]

[CGO6]
[CG14]
[CY23]
[Dri87al
[Drig7b]

[DS03]

[FKP18]
[FT19]
[Gav02]

[Gav0T]
[GKO1]

[GKLOO05]

[1724]
[KMWY18]
[KWWY14]

[LGPV13]

[LP25]
[LPT+25
[LWW25]

[LWZ23]
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